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Preface 


Piezoelectricity — a direct conversion of mechanical stress to the electrical charge 
and vice versa — has been discovered about 130 years ago. Since that time it attracted 
a lot of interest from the application point of view as well as from the fundamental 
research as you can see in the comprehensive, although not exhaustive, list of books 
published during the last three decades. Piezoelectric substances are commercially 
produced in single-crystal form as well as in ceramics and they belong to the second 
biggest application of dielectric materials, just after semiconductors. Piezoelectric 
phenomena and their precise description require interdisciplinary theoretical knowl- 
edge of crystallography, tensor analysis, continuum mechanics, thermodynamics, 
non-linear phenomena as well as experimental experience with the electrical and 
mechanical measurements and necessary equipment. Piezoelectricity and piezoelec- 
tric materials study is a lifelong job for a researcher, like it is for authors of this book. 
It requires cooperation between physicists and engineers — specialists in the field. 
Despite of more than a hundred years of ongoing research as well as piezoelectricity 
application, new horizons open ahead of piezoelectricity researchers, today. 

This book should be used as a theoretical foundation for the knowledge on piezo- 
electric sensors, excellently described by Gustav Gautschi in the book G. Gautschi: 
Piezoelectric sensorics, published by Springer Verlag in 2002. Publication of this 
book has been inspired by Prof. Jan Tichy about 10 years ago, who is one of the 
authors of the original edition of the book J. Tichy, G. Gautschi: Piezoelektrische 
Messtechnik, Springer Verlag, published together with G. Gautschi in German 
in 1980. The new edition of the book is extended in some chapters, trans- 
lated to English and divided into two separate volumes — the first one with the 
physical foundations of piezoelectric sensorics, the second one mostly application- 
oriented piezoelectric sensorics instrumentation. The new international authors team 
includes Prof. Jan Tich$ and his colleagues from the Technical University of 
Liberec, Czech Republic — namely, Prof. Jana Privratska and Dr. Jifi Erhart — and 
Prof. Erwin Kittinger from the Leopold-Franzens Universitat Innsbruck, Austria. 
Authors completed the manuscript according to his/her own specialization and inter- 
ests in the field — i.e. J. Tichý prepared Chap. 1 and participated on most remaining 
chapters directly or through the original German text partly translated for the new 
edition, E. Kittinger prepared Chaps. 3, 4 and 6, J. Piívratská made Chap. 2 ready 
for publication and J. Erhart completed Chaps. 5, 7, Appendix and prepared the final 
edition of the whole manuscript. 


vi Preface 


Book content is organized in seven chapters and one Appendix. Chapter 1 is 
devoted to the fundamental principles of piezoelectricity and its application includ- 
ing related history of phenomenon discovery. A brief description of crystallography 
and tensor analysis needed for the piezoelectricity forms the content of Chap. 2. 
Covariant and contravariant formulation of tensor analysis is omitted in the new 
edition with respect to the old one. Chapter 3 is focused on the definition and basic 
properties of linear elastic properties of solids. Necessary thermodynamic descrip- 
tion of piezoelectricity, definition of coupled field material coefficients and linear 
constitutive equations are discussed in Chap. 4. Piezoelectricity and its proper- 
ties, tensor coefficients and their different possibilities, ferroelectricity, ferroics and 
physical models of it are given in Chap. 5. Chapter 6. is substantially enlarged in 
this new edition and it is focused especially on non-linear phenomena in electro- 
elasticity. Chapter 7. has been also enlarged due to many new materials and their 
properties which appeared since the last book edition in 1980. This chapter includes 
lot of helpful tables with the material data for the most today's applied materi- 
als. Finally, Appendix contains material tensor tables for the electromechanical 
coefficients listed in matrix form for reader's easy use and convenience. 

Authors are very much indebted to Springer Verlag publisher for the generos- 
ity and patience with author's problems with manuscript preparation. We also wish 
to thank to all our colleagues, who contributed to our work by advice, by valuable 
information on the new phenomena or by any specific knowledge profitable for the 
manuscript organization and preparation. Czech authors (J.E. and J.P.) would like 
to express our sincere thanks for the stimulating discussions to Prof. Jan Fousek 
and Prof. Václav Janovec. They stimulated our interest in piezoelectricity, ferro- 
electricity and related ferroic domain structure studies. Continuing support from 
the Grant Agency of the Czech Republic during the whole manuscript preparation 
is also highly acknowledged by one of the authors (J.E.). Among many projects 
let us name at least the last one — project No. P202/10/0616. Last but not least, 
J.E. would like to thank to his wife Vladimíra Erhartová for her patience and kind 
understanding during preparation of the manuscript. 


Liberec, Czech Republic Jiří Erhart 
Innsbruck, Austria Erwin Kittinger 
Liberec, Czech Republic Jana Přívratská 


Praha, Czech Republic Jan Tichý 
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Chapter 1 
Principles of Piezoelectricity 


In the first part of this chapter we give a qualitative description of the piezoelectric 
effect. The material in the following sections will provide a more detailed account 
of the piezoelectricity. The next part is a survey of pioneering research in this field 
by Pierre and Jacques Curie. We mention also Lipmann's prediction of the converse 
effect. Finally we describe briefly some successes achieved in the area of practical 
applications of piezoelectricity and piezoelectric materials. This last part is just a 
brief sketch and not a complete picture. 


1.1 The Direct and the Converse Piezoelectric Effect 


Piezoelectricity is linear interaction between mechanical and electrical systems in 
non-centric crystals or similar structures. The direct piezoelectric effect may be 
defined as the change of electric polarization proportional to the strain. A mate- 
rial is said to be piezoelectric if the application of an external mechanical stress 
gives rise to dielectric displacement in this material. This displacement manifests 
itself as internal electric polarization. It should be noted that the piezoelectric effect 
strongly depends on the symmetry of the crystal. A crystal having sufficiently low 
symmetry produces electric polarization under the influence of external mechanical 
force. Crystals belonging to the 11 point groups having central symmetry are unable 
to produce piezoelectric effect. With one exception, all classes devoid of a centre of 
symmetry are piezoelectric. The single exception is the Class 29 (enantiomorphous 
hemihedral), which, although without a centre of symmetry, nevertheless has other 
symmetry elements that combine to exclude the piezoelectric property. 

Closely related is the converse (reciprocal, inverse) effect, whereby a piezoelec- 
tric crystal becomes strained if an external electric field is applied. Both effects 
are the manifestation of the same fundamental property of the non-centric crystal. 
Only for historical reasons the term “direct” is used about the first and not the other 
effect. 
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We can study piezoelectricity using quartz crystals. A plate cut at right angles to 
the x-axis Is called X-cut. Let its thickness be small in comparison with the other 
dimensions. We subject this plate to a pressure parallel with the thickness. If a com- 
pressional force (size) F is used, the polarization P; parallel to the thickness is 
proportional to the stress T1; = F/A. Hence the piezoelectric polarization charge on 
electrodes covering the major faces A is proportional to the force causing the strain. 

If we apply tension, the sign of pressure is reversed and the sign of the electric 
polarization reverses too. When an electric field E is applied along the thickness of 
the plate the quartz plate is deformed. The deformation (the strain S11) changes sign 
when the polarity of the field is reversed (Fig. 1.1). 


The direct piezoelectric effect 
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the polariscope, the analyzer must be the polariscope, the analyzer must be 
rotated counterclockwise to restablish rotated clockwise to restablish extinction. 
extinction. 


Fig. 1.1 Direct and converse piezoelectric effects 
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The direct piezoelectric effect is described by 
Pi = diui, (1.1) 


where P is the component of the polarization vector and T1; 1s the component of the 
stress tensor. The coefficient d 1 is called the piezoelectric coefficient. Conversely, 
if an external electric field Ej is applied, a strain $11 is produced 


Sia =d (1.2) 


The development of standards on piezoelectric crystals has been the product of 
considerable work and debate by many people. The existence of enantiomorphic 
crystal forms led to changes in sign conventions from time to time, as the standards 
committees tried to make the conventions easier to understand and use. We use the 
co-ordinate system adopted by the IEEE Standards (IEEE Standard on piezoelec- 
tricity 1987) adopted a right-handed co-ordinate system for all crystals and quartz 
is not considered an exception. The crystallographic —a axis is taken as X for the 
right quartz, whereas the +a axis is taken as X for the left quartz. Extensional stress 
along X induces a positive charge in the direction of positive X in the right quartz, 
but compressional stress produces the same result in the left quartz. The sign of the 
piezoelectric constant is positive when a positive charge is produced in the posi- 
tive direction of the axis as a result of a positive (extensional) stress. Consequently 
piezoelectric coefficients are positive for right quartz, and they are negative for the 
left quartz. 

Polarization associated with a given strain is always the same, whether the strain 
is due to mechanical forces (direct effect) or to an impressed electric field (converse 
effect). Later on, in Chap. 4, we will prove the equality of the piezoelectric constants 
used to describe both effects. 

We will always assume that the state of the crystal is homogeneous both elec- 
trically and mechanically, which means that all volume elements are at exactly the 
same temperature and that the field and the strain have the same values everywhere. 
We further assume the linearity of equations describing the piezoelectric effect. In 
this case the complete solution of the problem can be found. Physicists usually treat 
a natural phenomenon using a simple mathematical form. It is a linear approxi- 
mation. An the other hand, the MacLaurin or Taylor series are popularly used to 
calculate slightly perturbed physical quantities around an equilibrium state includ- 
ing non-linear effects. We talk about a non-linear expansion theory. However, when 
we have to take into account boundary conditions, the situation becomes so com- 
plicated that the only way to find the solution is the finite element method. This 
method is also used to find complex distribution of stresses in a piezoelectric plate 
compressed along the thickness by means of steel plates. Finite element methods are 
also used in a number of other special cases. Fortunately boundary conditions can 
be usually ignored. In the following chapters we are going to consider only linear 
systems and the variables of two different quantities will be linearly coupled. 
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The phenomenon of piezoelectricity was discovered by brothers Curie: Pierre 
(1859-1906) and Jacques (1855-1941). In 1880 they found (Curie and Curie 1880) 
that some crystals when compressed in certain directions show positive and nega- 
tive charges on some portions of the surface. These charges are proportional to the 
pressure and disappear when the pressure ceases. 

This was no chance discovery. Their approach was influenced by Pierre Curie's 
previous work on pyroelectricity and symmetry of crystals. He found that polar 
electricity is produced only along certain directions depending on the symme- 
tries of particular crystallographic classes. Some time earlier another effect had 
been discovered. A change in temperature of a crystal can cause a number of 
electrical effects known as pyroelectricity. Pyroelectricity is the manifestation of 
the temperature dependence of spontaneous polarization of certain solids. These 
are either single crystals or polycrystalline aggregates. The piezoelectric effect is 
closely related to the pyroelectric effect. The connection between pyroelectricity and 
piezoelectricity is fundamental. All pyroelectric materials are intrinsically piezo- 
electric. We know now that pyroelectric materials form a subgroup of piezoelectric 
materials. Prefixes “piezo” and “pyro” are derived from Greek words with meanings 
"to press" and “fire”, respectively. 

If “lyngourion” and the mineral tourmaline are identical then the words written 
by the Greek philosopher Theophrastus some 23 centuries ago could be the earli- 
est description of the pyroelectric effect of tourmaline. Two thousand years after 
Theophrastus strange properties of tourmaline became known in Europe thanks to 
the book of Johann Georg Schmidt in 1707 and entitled Curious Speculations during 
Sleepless Nights (Lang 1974). 

The fact that tourmaline when placed in hot ashes at first attracts and later 
repels them was known for a long time. This behavior became known in Europe 
about 1703, when Dutch merchants brought tourmalines from Ceylon. The attrac- 
tive power of this crystal seems to be well known in Ceylon and India since time 
immemorial. Tourmaline was sometimes called “Ceylonese magnet". The great 
naturalist Charles Linné (Linnaeus) was apparently the first person to relate the 
pyroelectric properties of tourmaline to electric phenomena. He gave it the scientific 
name /apis electricus. The first serious scientific study of the electrical properties of 
tourmaline was presented to the Royal Academy of Sciences in Berlin, by Franz 
Ulrich Theodor Aepinus, in 1756. He noticed that the two ends of a heated tourma- 
line have opposite polarities. David Brewster observed this effect on several kinds 
of crystals and in 1824 gave it the name “pyroelectricity”. His paper was entitled 
"Observations on the Pyro-Electricity of Minerals". Brewster invented a sensitive 
test for pyroelectricity by placing a thin slice of material on a glass plate heated by 
boiling water. In 1828 A.C. Becquerel was probably the first scientist to attempt to 
make quantitative measurements of pyroelectricity. One of the crystals, in which he 
found pyroelectric effect, was Rochelle salt. 

The first definitive theory of pyroelectricity, with which majority of later inves- 
tigators agreed, was formulated by William Thomson (Lord Kelvin) in 1878 and 
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1893 (Thomson 1878). Pyroelectric crystals have a unique polar axis, which does 
not necessarily coincide with any direction derived from symmetries of the crystal. 
Lord Kelvin postulated that such crystals are in a state of permanent polarization. 
This theory links changes in spontaneous polarization APs with changes of temper- 
ature AO by means of linear equation. The constant connecting these two quantities 
is the pyroelectric coefficient 7r 


APs = x AG (1.3) 


The pyroelectric effect has become simply a manifestation of the temperature 
dependence of spontaneous polarization. 

In the nineteenth century, several researchers (e.g. Becquerel and Haiiy) tried 
to find a connection between effects of mechanical pressure and electrical effects. 
Becquerel even expected that similar effects should exist specifically in crystals. The 
predecessors of brothers Curie produced, however, only some results of a rather 
dubious value. Effects attributed to piezoelectricity were often found in crystals, 
which, because of their symmetry, should not be piezoelectric. In some instances 
similar effects were found even in non-crystalline materials. These odd results could 
be explained by electrical charges released by friction in the instrument during the 
experiment. 

The relation between pyroelectric phenomena and symmetry of crystals, which 
Pierre Curie investigated earlier, led the two brothers not only to look for elec- 
trification by pressure but also made it possible to predict in what direction the 
pressure should be applied and to select the classes of crystals, in which the effect 
was expected. We feel that it is fitting to insert here the translation of the opening 
paragraphs of the paper, in which they announced the discovery of the effect. 


Those crystals having one or more axes whose ends are unlike, that is to say hemihedral 
crystals with oblique faces, have the special physical property of giving rise to two electric 
poles of opposite signs at the extremities of these axes when they are subjected to a change 
in temperature: this is the phenomenon known under the name of pyroelectricity. 


We have found a new method for the development of polar electricity in these same crystals, 
consisting in subjecting them to variations in pressure along their hemihedral axes. 


The first paper on piezoelectricity by Jacques and Pierre Curie was presented to 
the Société minéralogique de France at the session on the 8th of April 1880 and 
later to the Académie des Sciences at the session on the 24th of August 1880. Pierre 
and Jacques Curie at first discovered the direct piezoelectric effect in crystals of 
tourmaline. They noticed that as result of pressure applied along a particular direc- 
tion, electrical charges proportional to the pressure and of opposite polarities appear 
on opposite crystal surfaces. They called this effect *polar-electricity". Later, they 
discovered a similar effect in quartz and other crystals, which have no centre of 
symmetry. At that time Pierre Curie was only 21 years old. His notes published in 
Comptes Rendus in 1880 and 1881 are a real gem, as they deal with all essential 
phenomena (surface charge is proportional to pressure and does not depend on the 
thickness of the crystal etc.). 
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Several months later Lippmann made an important contribution to piezoelectric- 
ity by predicting the converse effect on the basis of the principles of thermodynamic 
(Lippmann 1881). A piezoelectric crystal placed in an electric field must undergo 
a deformation. Brothers Curie immediately suggested a beautiful and simple exper- 
iment to detect small deformations. They coupled mechanically the investigated 
crystal to a second piezoelectric crystal, which played the role of a detector by 
converting the mechanical signal produced by the first crystal into an electric sig- 
nal measured by an electrometer. The predictions of Lippmann were brilliantly 
confirmed (Curie and Curie 1881). 

In later papers brothers Curie described piezoelectric properties of other crystals 
and produced the results of first quantitative measurements of the effect in quartz and 
in tourmaline. They suggested further laboratory experiments that could profit from 
the exploitation of the piezoelectric effect. In 1888 Pierre and Jacques Curie sug- 
gested that the piezoelectric quartz be used in metrology as an instrument to measure 
electric charges and low intensity currents. An instrument based on piezoelectric 
quartz played an important role in Marie Curie's later work on radioactivity. 

Hankel contended that the new effect obeyed it's own special laws and pro- 
posed for it a name “piezoelectricity”. His proposal was promptly accepted by all, 
including brothers Curie themselves (Hankel 1881). 

Shortly thereafter, Pierre Curie became director of a teaching laboratory at the 
Ecole de physique et de chimie. The young director of physics laboratory made a 
remarkable decision to start in three directions at the same time, namely to teach, to 
develop new instruments and to engage in theoretical research. 

Curie wrote about properties associated with symmetries of fields. Thanks to his 
excellent education in crystallography he very early understood the importance of 
symmetry considerations. He formulated the essential principle by realizing that the 
symmetry of “effect” is dependent on the symmetry of “cause”. The eminent role of 
symmetry in the formulation of laws of physics has been more and more noticeable 
during the last 50 years. 

In 1894 Pierre Curie started to study magnetism. At that time he had just been 
nominated professor. He accepted as his student to do research in magnetism a 
Polish lady, Marie Sktodowska. In 1895 they were married and she became Marie 
Curie. In 1898 the two of them began to study radioactivity. Marie Curie received 
the Nobel prize for chemistry in 1911 for her work on polonium and radium. Pierre 
Curie died by an accident in 1906. He was only 47 years old. 

A polar material, whose electric dipoles can reverse direction as a consequence 
of an external electric field, is by definition a ferroelectric material. These materials 
form a subgroup of pyroelectric materials. 


1.3 History of the Theory of Piezoelectricity 
and of Piezoelectric Materials 


When studying the piezoelectric effect we can take either the macroscopic (phe- 
nomenological) approach or the microscopic (atomistic) approach. Both these views 
were important in the development of solid state physics. 


1.3 History of the Theory of Piezoelectricity and of Piezoelectric Materials a 


The problem of the relation between pyroelectricity and piezoelectricity was the 
object of many wide-ranging discussions. This work was done mainly by Voigt. 
The phenomenological theory of piezoelectricity is based on the principles of ther- 
modynamics formulated by Lord Kelvin. In 1890 Waldemar Voigt published the 
first complete and rigorous formulation of piezoelectricity (Voigt 1890). The for- 
mulation used in the physics of crystals today owes much to Voigt’s monumental 
work “Lehrbuch der Kristallphysik" (Voigt 1910). Voigt formulated the theory of 
thermodynamic potentials for piezoelectricity. 

One could argue that this phase of development in solid state physics was con- 
cluded by the publication of Voigt’s famous textbook in 1910. The underlying reason 
is the importance of the symmetry of crystals for all other properties. However, a 
good understanding of the thermodynamics is of utmost importance for the solu- 
tion of all problems in the physics of crystals. We could say that for a physicist 
further development of thermodynamics is less important than the development of 
microscopic models. For all technical applications, however, thermodynamics is of 
special importance. 

The foundations of the thermodynamic theory of elastic dielectrics and of 
piezoelectricity were laid down by Toupin, Eringen, Haji¢ek, Grindlay and other 
researchers (Tichy and Gautschi 1980) in the second half of the twentieth century. 
Both experimental and theoretical research of non-linear effects in dielectrics is 
being continued even today (Kittinger and Tichy 1992; Nelson 1979). 

In the late forties V.L. Ginzburg and A.F. Devonshire produced a phenomenolog- 
ical description of piezoelectric and other properties of ferroelectrics. 

A thermodynamic theory explaining the behavior of ferroelectric crystals can be 
obtained by considering the form of the expansion of the free energy as a function 
of the polarization. The Landau theory and the complementary theory of critical 
phenomena offer the possibility of working out the universal properties of sys- 
tems undergoing phase transitions on the sole basis of symmetry considerations. 
Some classes of structural transitions have been thoroughly investigated during the 
past decades, such as ferroelectric and ferroelastic transitions. Reconstructive phase 
transitions have been left aside from the preceding theoretical framework. They con- 
stitute the most fundamental and widespread type of structural transitions existing 
in nature (Tolédano and Dmitriev 1996). 

The first attempt to establish an atomic theory of piezoelectricity is considered 
to be the work of Lord Kelvin. Using Debye’s theory of electrical polarization 
Schródinger attempted to determine the order of magnitude of the piezoelectric con- 
stants of tourmaline and quartz. However the first to succeed was Born in 1920 in 
his book *Lattice-dynamical theory". An atomic model for the qualitative explana- 
tion of piezoelectric polarization of quartz was discovered by the method of X-ray 
analysis by Bragg and Gibbs in 1925. 

Modern atomic theory has a challenging task of shedding light not only on piezo- 
electric properties, but also on other physical properties of materials by means of 
quantum mechanics. To do this, one needs not only to understand the properties 
of atoms at rest in their equilibrium position, but one has to take into account the 
changes due to motion. The dynamic matrix theory treats the whole crystal matrix 
as one single quantum mechanical system. 
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All this, together with the recognition of the importance of symmetry for the 
laws of physics makes the explosion of our knowledge during the second half of 
this century even more impressive. 

In recent years, even piezoelectric, pyroelectric, and ferroelectric effects in bio- 
logical materials are the subject of investigations. Pasteur was probably the first 
to suggest over 100 years ago that biological systems have chiralic dissymmetric 
properties and that these properties are important for the functioning of the biolog- 
ical systems. In the 1960s it was suggested that piezoelectricity is a fundamental 
property of biological materials and it is observed in different soft and hard tissues: 
human femur, skin, Achilles tendon of ox and horse, wood and so on. Piezoelectric 
ceramics like PZT can be poled by the electric field, while the biological substances 
like wood have a unique axis generated in their growing process. 


1.4 Applications of Piezoelectricity and Pyroelectricity 


Practical application of piezoelectricity proceeded at an uneven pace. Periods of 
slow progress were followed by periods of rapid development. Practical applica- 
tion of piezoelectric materials was rather limited during the first third of the time 
elapsed since their discovery. In the “Oeuvres” Pierre and Jacques Curie describe 
several ingenious piezoelectric devices meant for static measurements of vari- 
ous parameters. Piezoelectricity makes possible the transformation of electric into 
acoustical signals. Using piezoelectric crystal it is possible to generate required 
quantities of electric charges very accurately. This is needed in the construction 
of precision electrometers. Such devices were used for the measurement of capac- 
itance, voltage, pyroelectric and piezoelectric effects and In the measurements of 
radioactivity. 

In 1917 the National Research Council sponsored a conference chaired by Robert 
A. Millikan. W.G. Cady was invited because of his interest in the detection of sub- 
marines by ultrasonic waves. Paul Langevin reported the generation of ultrasonic 
waves by means of transducers using quartz and steel sandwich. This device, called 
Langevin's transducer, is an original application of piezoelectricity in ultrasonic 
engineering. He used both direct and converse piezoelectric effects of a large quartz 
plate firstly to emit underwater sound waves and for their subsequent detection. This 
device opened the field of ultrasonic and hydroacoustics. Sonar exists thanks to the 
activity of Paul Langevin. 

The conference persuaded Cady to turn his interest to piezoelectricity. In 1919 
Cady initiated the study of resonators and the first report on piezoelectric resonator 
was presented to the American Physical Society in 1921. He proposed the piezo- 
electric quartz resonator as a frequency standard or a filter. Cady showed how to 
connect a resonating quartz crystal to an electrical oscillator and in this way to 
achieve frequency stability. Studies of properties of crystal resonator represented by 
its equivalent electrical circuit were undertaken by Butterworth, Dye, Van Dyke and 
Mason. They led to a better understanding of crystal resonators used in filters and 
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oscillators. The next important step is connected with the development of broad- 
casting. Oscillators with quartz crystals were first used by the US National Bureau 
of Standards as frequency standards. Around 1926, a quartz oscillator was used for 
the first time to stabilize the frequency of a transmitter. Cady is considered to be the 
father of modern piezoelectricity (Cady 1964). He was born in 1874 and died on the 
day before his 100th birthday (Lang 1975). 

Piezoelectric materials are used in resonators, watches, crystal and ceramic fil- 
ters, SAW filters, delay lines, ultrasonic transducers, underwater acoustic devices, 
underwater microphones and speakers, fish-finders and diagnostic acoustic devices. 
They are also used to generate high voltage for ignition and as piezoelectric 
transformers. Piezoelectric transformers are devices, which utilize both direct and 
converse piezoelectric effect to transform resonant voltage. Further applications of 
piezoelectrics to sensors and actuators have been dramatically accelerated, in addi- 
tion to the discovery of new materials and devices. Some of the highlights include 
electrostrictive materials for positioners, relaxor-type ferroelectric polymers, nor- 
mal ferroelectric single crystals with very high electromechanical couplings for 
medical transducers, thin or thick PZT films for micro electromechanical systems 
starting from a sophisticated chemical technology. Multilayer type actuators are tun- 
ing forks, vibration reeds, alarm systems and systems of remote control. At the 
present time there is a mass production of watches and ceramic filters. They enjoy 
much larger market than any other piezoelectric device. Recent enthusiastic devel- 
opment is found in ultrasonic motors. Precision positioners and pulse drive linear 
motors have already been installed in precision lathe machines. The piezo-actuators 
and ultrasonic motors have been developed largely by private industries in Japan, 
aimed primarily at applications involving precision positioners and compact motors 
with tiny actuators of less than 1 cm. 

The research field is also very wide. It stretches from the properties of 
piezoelectric and ferroelectric materials, their manufacture, up to measurement 
techniques and practical applications. As a result we can expect in the near future 
the development of many new commercial products for industry and military. 

The common feature of all piezoelectric devices used in high frequency technol- 
ogy and in ultrasonics is the fact that piezoelectric components are excited to vibrate 
at their resonant frequency by means of the reciprocal piezoelectric effect. Together 
with these two areas of practical application a third area began to develop at the 
same time. This is the piezoelectric measurement of mechanical quantities, namely 
measurement of forces, pressures and acceleration. In principle the direct piezo- 
electric effect is used. In this kind of measurement we usually consider it important 
to avoid resonance effects in the piezoelectric components. Only seldom the reso- 
nance effects are used, as for example in the measurement of pressure by change in 
the resonance frequency of a piezoelectric resonator. Pioneering work in this area 
was done by several authors: Galitzin, Karcher, Keys, Thomson and Wood (Tichy 
and Gautschi 1980). 

In recent years, piezoelectric actuators are more and more widely used in preci- 
sion instrumentation, in manufacturing and in mechatronics. In this type of appli- 
cations the piezoelectric materials have the disadvantage of a small displacement, 
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which is hardly able to meet the requirements. In order to get round this obstacle, a 
mechanical amplifier is normally used. 

Piezoelectric devices are used in the following areas: Measurement of pressure, 
measurement of vibrations, stress gauge, strain gauge, measurement of acceleration, 
impact detector, position sensors. There is a wide choice of materials and mate- 
rial forms that are actively piezoelectric. Most of them have the ability to convert 
mechanical strain into an electrical charge when used as sensor, and to do the oppo- 
site when used as an actuator. Studies of piezoelectric semiconductors, nonlinear 
effects and surface waves led to construction of useful devices. The research of 
sophisticated electroacoustic devices may one day simplify the dialogue between 
the user and the computer. There are many more examples of this kind one could 
mention. 

The most important applications of pyroelectric effect are in the field of detectors 
of infrared radiation, thermal imaging and pyroelectric vidicons and photoferro- 
electric detectors. Pyroelectric materials are also used in electrically calibrated 
pyroelectric radiometers, for measurement of energy, in chemical analysis and in 
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Fig. 1.2 Technical applications of piezoelectricity 
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biological applications. The sensitivity of pyroelectric detectors is generally lim- 
ited only by the amplifier noise. The detectors have very good response in the high 
frequency range and can be made spectrally selective by absorptive coating on the 
top electrode. Figure 1.2 gives a summarized outline of technical applications of 
piezoelectricity. 

Ferroelectric materials, especially polycrystalline ceramics, are utilized in var- 
ious devices such as high-permittivity dielectrics, ferroelectric memories, pyro- 
electric sensors, piezoelectric transducers, electrooptic devices, and PTC (positive 
temperature coefficient of resistivity) components. 


1.5 New Piezoelectric Materials 


One hundred years have passed since Pierre and Jacques Curie discovered the piezo- 
electric properties of quartz. During these years study of crystals and application of 
piezoelectricity made a huge progress. Quartz remains still one of the most impor- 
tant piezoelectric materials and is in great demand. A large part of this demand is 
increasingly being met by mass production of artificial quartz based on the technique 
of hydrothermal growth. 

During World War II., about 75 million quartz plates were produced for the 
armed forces of the United States. As the supply of good quality raw material 
started to decline, interest in artificial growth was renewed. The size of synthetic 
crystals increased tenfold thanks to the concentrated effort and modern technology. 
As a result, we now have a virtually unlimited supply of untwinned specimens large 
enough to satisfy all foreseeable needs. The quality of these crystals 1s more uni- 
form than that of natural crystals. Synthetic quartz has been commercially available 
since 1958. Today, the manufacture of synthetic quartz has become an important 
industry. 

J. Valasek (1920, 1921, 1922, 1924) discovered the ferroelectric effect of a single 
crystal in about 1921. Jaffe, who went to the United States in 1935, assisted Cady 
in the study of Rochelle salt. Rochelle salt was often used in various transducers 
because it has a great piezoelectric effect. In spite of being a piezoelectric crystal 
with the highest electromechanical coupling coefficient, Rochelle salt is of limited 
use because it is soluble in water, deliquescent and some parameters do not have a 
suitable temperature characteristic. 

Since 1935 attempts were made to produce piezoelectric crystals, which could 
replace quartz. Piezoelectric crystals such as ammonium and potassium salts 
(NH4H5PO, — ADP, KH>PO, - KDP), ethylene diamine tartrate (EDT), dipotas- 
sium tartrate (DKT) and lithium sulphate monohydrate (LH) were developed. Most 
noteworthy was the activity of the group of Bell Telephone Laboratories headed 
by Warren P. Mason (1964). Many of these materials are no longer in use as 
a result of development and production of artificial quartz, ferroelectric crystals 
or piezoelectric ceramics. The discovery of the strong piezoelectric properties of 
ferroelectric ceramics is a major milestone in applications of piezoelectricity. 
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With the exception to quartz few single crystals are used in piezoelectric devices. 
Popular choices are LiNbOs, LiTaOs. In recent times considerable attention is 
given to the synthesis of berlinite (aluminium phosphate) and langasite. This mate- 
rial could combine some useful characteristics of quartz with a high coupling 
factor. The single crystals are anisotropic, exhibiting different material properties 
depending on the cut of the materials and the direction of bulk or surface wave 
propagation. 

The discovery of excellent new piezoelectric materials brought about a period of 
rapid development and opened up new areas for application of piezoelectricity. It 
resulted in great progress in the field of piezoelectric devices. The application areas 
of ferroics in single-crystal, bulk ceramics, thin film, and composite forms have 
been expanding quite rapidly in recent years. Among these materials we mention 
in the first place piezoelectric ceramics, i.e. lead zirconate titanate ceramics, two 
component ceramics and three component ceramics. They are made of ferroelectric 
compounds, ceramic composites, ferroelectric polymers, high polymer piezoelectric 
materials and thin films of piezoelectric polymers. In the manufacturing of trans- 
ducers, ferroelectric polymers have certain advantages over ceramic materials. As 
a result, new materials design and fabrication techniques are needed to satisfy the 
new emerging applications of these “smart” materials and structures. With the drive 
of new national and international initiatives in the areas of advanced materials and 
technology, smart structures and systems, it is highly desirable to review materials 
design, preparation, and sensing properties (Galassi et al. 2000). 

In the last 20 years intensive research was done on the synthesis of new piezoelec- 
tric crystal compositions. The main objectives consisted in the search for new single 
crystals with improved piezoelectric properties like high sensitivity, high electrome- 
chanical coupling and high stability at elevated temperatures. More than 40 single 
crystal compounds used for sensor application like force sensors, strain sensors and 
high temperature pressure sensors were synthesized. 

Piezoelectric ceramics have been technically employed for a long time, for exam- 
ple as fast sensors in accelerometers. Their components are well established in 
many fields of large scale applications due to the fast electromechanical response 
and compact size. Piezoelectric ceramics show electromechanical responses, which 
can be used for sensing stresses and producing strains or displacements. These 
responses can also be used in imparting intelligent mechanical behavior in ceram- 
ics and ceramic composites in such a way that the overall reliability of ceramics 
is enhanced. The fabrication of ferroelectric devices generally involves two steps: 
preparation of the ceramic powders and sintering of the shaped structures. Small 
amounts of dopants sometimes drastically change the dielectric and electrome- 
chanical and electrooptic properties of ceramics. In the last few years, complex 
multilayer actuators made by cofiring technique also gained increasing interest due 
to their specific advantages in performance like fast switching time, high stiff- 
ness and blocking force and low driving voltage. These features will open a wide 
field of industrial applications for example in the automotive area for fast injec- 
tion valves and in textile industry for automated weaver's looms. It has now been 
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more than 30 years since the historic reporting of a large piezoelectric effect in 
oriented polyvinylidene fluoride (PVDF) by Kawai. His discovery of the piezo- 
electricity and remanent polarization in PVDF was published in 1969 in Japanese 
Journal of Applied Physics (Kawai 1969). It has led not only to much research on 
PVDF itself, but has also resulted in the discovery and study of many other new 
piezo- and ferroelectric polymer materials. Kawai suggested that the piezoelectric 
effect is attributable to permanently or ferroelectrically oriented dipoles of chain 
molecules in crystals. Piezoelectricity of the PVDF films, however, is caused both 
by stretching them along one direction and by using a poling process perpendic- 
ular to the films; thus the symmetry of the piezoelectricity is rather analogous to 
that of the crystal. With piezo- and pyroelectric coefficients being less than that 
of crystalline or ceramic piezoelectrics, polymers have found niche commercial 
applications in diverse fields, ranging from sensor systems, accelerometers and non- 
destructive testing (contactless switches) to fundamental research applications, such 
as photopyroelectric spectroscopy. Recent developments include the preparation 
and characterization of ultra-thin ferroelectric polymer films and relaxor-type fer- 
roelectric polymers with large electrostrictive responses. Piezoelectric polymers are 
now well-established materials for shock-gauges, hydrophones and piezocables. 
Highlights for the use of ferroelectric polymers in fundamental research applica- 
tions are extremely sensitive microcalorimeters for measuring the specific heat of 
samples with a mass of a few microgram or for the measurement of the heat of 
adsorption with a sensitivity of 100 nJ. 

Over the past 20 years, material science has been searching for novel, useful, 
highly integrated and efficiently working composite materials. In several approaches 
nature has become a model for engineers to develop a new type materials, namely 
multifunctional composite materials (also called adaptive or smart materials). A new 
type of multifunctional composite material has been established by integrating 
parallel arrays of tiny piezoelectric fibers with interdigital electrodes into poly- 
mer matrices. This follows the approach of structural conformity to maintain the 
mechanical properties of the composite materials. The access to highly integrated 
materials consisting of at least solid phases is based on the combination of fiber 
technology, electrodizing, composite fabrication and adaptive control. The sensing 
as well as the actuating properties of the resulting materials are evident. This offers a 
wide range of possible applications like active and passive vibration damping, health 
monitoring, structural control and impact detection. Pulsed-laser deposition has 
become a very popular technique for the fabrication of thin films of multicomponent 
materials. 

Pyroelectric and piezoelectric materials, which generate an electric field with 
the input of heat and stress, respectively, are called “smart” materials. These off- 
diagonal couplings have corresponding converse effects, the electrocaloric and 
converse piezoelectric effects, and both "sensing" and “actuating” functions can be 
realized in the same materials. “Intelligent”materials must possess a function, which 
is adaptive to changes in environmental conditions. Ferroelectric materials are said 
to very “smart” materials. 
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Chapter 2 
Introduction to Phenomenological Crvstal 
Structure 


2.1 Crystal Structure 


An ideal crystal represents a periodic pattern generated by infinite, regular repetition 
of identical microphysical structural units in three-dimensional space. These struc- 
ture units contain one or more “building stones", which are atoms, molecules or 
ions. In order to make the following text simpler, we shall speak only about atoms, 
even in case we shall mean molecules or ions. Those building stones, which create 
a structure unit, are called the base of the crystal structure. 

Repetition of the base in space can be described by three non-complanar trans- 
lation vectors a,, az and as. The atom arrangement in any direction observed from 
the point r is the same as the atom arrangement observed from the point 


r= r + nia + ma) + n3a3, (2.1) 


where ni, n2, and n3 assume the values of all integers (n1, no,ns € Z). 

All these points, which are fixed by Eq. (2.1), create translation lattice. It is a 
regular, periodic arrangement of lattice points in space. The translation lattice and 
the base create structure of a crystal (Fig. 2.1). 

Parallelepipeds whose vertices are lattice points and whose edges can be 
described by the translation vectors a, a2 and as are called cells. The same trans- 
lation lattice can be generated by different choice of translation vectors (Fig. 2.2). 
Usually the shortest vectors are chosen as elementary translations. The cell whose 
edges are elementary translations is called elementary cell. The elementary cell with 
the smallest volume is called a primitive cell. 

The number of atoms in one primitive elementary cell is the same as the number 
of atoms in the base. Each of all eight vertices of the three-dimensional primitive 
elementary cell represents one lattice point of the corresponding base. One such 
lattice point must be therefore divided among eight adjacent primitive elementary 
cells, so that the primitive elementary cell has the density of one lattice point and 
one base per cell. 
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2.1.1 Elements of Symmetry 


Any geometric transformation (operation) that leave translation lattice unchanged 
represents symmetry transformation. These transformations can be divided into two 


types: 


(1) point ones (correspond to the symmetry of an ideal crystal) in which at least 
one point of the lattice remains in its initial position, and 

(2) space ones (correspond to the symmetry of the lattice structure) in which no 
single point remains unmoved. 


A set of points that are invariant to the symmetry operation constitutes its 
symmetry elements. 

Symmetry elements will be denoted by international symbols (drawn up by 
Herman and Mauguin) or sometimes also by older Schónfliess ones. 


2.1.1.1 Point Operations and Symmetry Elements 


(a) The operation of reflection has the symmetry element a symmetry (mirror) plane 
(m) that is the plane that divides space into two mirror-equivalent parts. 

(b) The operation of rotation has the symmetry element an axis of symmetry (n) 
that is a straight line rotation about which leaves space invariant. An angle of 
rotation is 277 /n. It can be proved that only 1-, 2-, 3-, 4-, and 6-fold axes can 
exist in crystals. 

(c) The operation of inversion has the symmetry element the centre of symmetry 
(the centre of inversion) (1) that is the singular point having the property that 
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it is the mid-point of a line segment connecting any lattice point with its image 
(that is also the lattice point). 

(d) An inversion symmetry axis (n) is the axis about which the inversional rota- 
tions are performed. Inversional rotations represent superposition of symmetry 
rotation (n) and space inversion (1). The inversion axes can be also only 
]-, 2-, 3-, 4-, and 6-fold axes. (1-fold inversion axis is equivalent to the centre 
of symmetry, 2-fold inversion axis is equivalent to the symmetry plane 2 — m.) 


The symmetry of crystals is completely described by the set of symmetry ele- 
ments m, 1, 2, 3, 4,6, 1,3, 4,6. They can be combined into 32 classes of point groups 


of symmetry, see Table 2.1. 


Symbol 

No. Crystal class International Schónfliess Symmetry elements Name of the class 

1xA Triclinic 1 C] Li Monohedral 

2 I Ci C Pinacoid 

3x^ Monoclinic 2 C2 In Dihedral axial 

4 xA m C; P Dihedral axisless 

5 2/m Con Lo PC Prismatic 

6 x Orthorhombic 222 D» 3L» Rhombotetrahedral 

TxA mm2 C, La 2P Rhombopyramidal 

8 mmm Don 3L 3PC Rhombodipyramidal 

9 xA Tetragonal 4 C4 L4 Tetragonal- 
pyramidal 

10 x 4 S4 L4i Tetragonal- 
tetrahedral 

11 4/m Can L4 PC Tetragonal- 
dipyramidal 

12 x 422 D4 L4 AL2 Tetragonal- 
trapezohedral 

13 4mm Cay L4 4P Ditetragonal- 

xA pyramidal 

14 x 42m Dog L4 AL? 2P Tetragonal- 
scalenohedral 

15 4/mmm Dah La AL) SPC Ditetragonal- 
dipyramidal 

16 Trigonal 3 C3 L3 Trigonal-pyramidal 

XÅ 

17 3 C3; L3 C Rhombohedral 

18 x 32 D3 La 3L5 Trigonal- 
trapezohedral 

19 3m C L3 3P Ditrigonal- 

xA pyramidal 

20 3m D3q La 3L; 3PC Ditrigonal- 


Table 2.1 Symbols and names of 32 point groups of symmetry 


scalenohedral 
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Table 2.1 (continued) 


Symbol 

No. Crystal class International Schónfliess Symmetry elements Name of the class 

21 Hexagonal 6 Cg Es Hexagonal- 

XA pyramidal 

22 x 6 C3) Ez P Trigonal- 
dipyramidal 

23 6/m Den Es PC Hexagonal- 
dipyramidal 

24 x 622 D6 Lg 6L2 Hexagonal- 
trapezohedral 

25 6mm Des Lg 6P Dihexagonal- 

XA pyramidal 

26 x 6m2 Dai, Ls 3L5 AP Ditrigonal- 
dipyramidal 

27 6/mmm Doh Lg Glo TPC Dihexagonal- 
dipyramidal 

28 x Cubic 23 T 3L» Al Tritetrahedral 

29 m3 T, 3L» 4L3 3PC Didodecahedral 

30 432 O 3L4 4L3 6L» Hexatetrahedral 

31 x 43m T; 3L4 4L3 6P Trioctahedral 

32 m3m O, 3L4 4L3 6L 9PC Hexaoctahedral 


x = piezoelectric class, A = pyroelectric class, Ln = n-fold symmetry axis, Ly; = n-fold inversion 
symmetry axis, C = centre of symmetry, P — symmetry plane 


2.1.1.2 Space Symmetry Elements and Operations 


(a) Translation is a symmetry operation that transforms a lattice point r into another 
lattice point r + t, where t is the vector of translation. 

(b) Glide reflection plane represents combination of a symmetry plane and a dis- 
placement parallel to this plane to the distance of t/2 (t is the translation 
vector). 

(c) Screw axis of symmetry represents combination of rotation about the symmetry 
axis and translation parallel to this axis. 


Infinite translation lattices can be characterized by 230 space groups of 
symmetry. 


2.1.2 Bravais Lattices 


The choice of elementary cell in the translation lattice is not unique because transla- 
tion vectors a}, a2 and a3 can be chosen in different ways. It can be proved that 
in three dimensional space lattice there exist only 14 types of elementary cells 
satisfying the following conditions: 
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Fig. 2.3 The translation 
vectors and angles between 
them 





a (c) 


(a) symmetry of the elementary cell is the same as symmetry of the whole lattice, 

(b) the elementary cell has maximal number of right angles or equal angles between 
neighbouring edges and maximal number of equal length od edges, 

(c) volume of the elementary cell is the smallest. 


Such elementary cells can be divided into 4 types: 


e primitive — P — lattice points are only in vertices of the corresponding paral- 
lelpiped (one lattice point per unit cell), 

e centered — C — non-primitive lattice cell in which lattice points are also in the 
centre of opposite bases of the parallelpiped, 

e face-centered — F — non-primitive lattice cell in which lattice points are also in 
the centres of all faces of the parallelpiped, 

e body-centered — I — non-primitive lattice cell in which lattice points are also in 
the body centre of the parallelpiped. 


Table 2.2. Bravais lattices in three-dimensional space 


Crystallographic  Bravais Symmetry group 


system lattice Lattice parameters Elementary cell international Schónfliess 
Triclinic P afbic General I Ci 
ag sey parallelpiped 
Monoclinic P dob Right 2/m Con 
C œ = y = 90°, p Z 90° parallelpiped 
Orthorhombic P abs Rectangular mmm Don 
C œa = p = y = 90° parallelpiped 
I 
F 
Tetragonal P a=b=c Right square 4/mmm Dan 
I oe = p = y = 90° prism 
Trigonal P a=b=c Rhombohedron 3m D3a 
(Rhomboedric) e = B = y Z 90° 
Hexagonal P a=b=c Regular 6/mmm Den 
œ = B = 90°,y = 120° hexagonal prism 
Cubic P gcbee Cube m3m On 
I ge f = y = 90° 
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Crystal system Lattice or grid symbol 


restrictions austerities 
on the axes and angles 












of the usual unit cell E C I F 
Primitive Base centered Inside or body-centered Face centered 
triclinic 
azbzc 
at Pty 
monoclinic 
azbzc 
a=y=90%%8 
rhombic 
azbzc 
o B 24290? 
AN 1 
ZA 
hexagonal 
a-bzc 
a= 82 90? y=120° 1 1 
LZS 2 


trigonal 
(rhombohedral) 
a=b=c 
a=8B=y<120" 
az 90? 


tetragonal 
a=bzc 


cubic 
a=b=c 
a=P=y=909 


Fig. 2.4 Fourteen Bravais lattices: (a) triclinic, (b) monoclinic, (c) orthorhombic, (d) tetragonal, 
(e) trigonal, (f) hexagonal, (g) cubic 
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In crystallography it is obvious to denote translation vectors as a,b, and c and 
angles between them as o, p and y (a = Z(b,c), B = Z(c,a), y = Z(a,b)), see 
Fig. 2.3. 

Fourteen Bravais lattices are divided into 7 crystallographic systems that are 
characterized by some special magnitude of lattice parameters. See Table 2.2 and 
Fig. 2.4. 


2.1.3 Directions and Planes in Crystals 


Let us have a crystallographic coordinate system Oxyz using the lattice translational 
vectors a;, a» and a3 as the base vectors. Any vector r connecting the origin O with 
a lattice point X at a corner of a unit cell can be expressed as 


r = 7184, + r2a2 + r383, (2.2) 


where r1, r2, r3 are integers. The direction OX can be described by the set of the 
coordinates [ri, ro, r3 | or by three integers u,v,w having no common factor and 
satisfying the ratio r1 : r2 : r3 = u:v:w. This set of [uvw] is called the Miller indices 
of the given crystallographic direction. Instead of minus signs the bars above the 
letters are used, e.g. [uvw]. 

A set of parallel planes passing through the lattice point can be denoted also 
by three integers (without a common factor), called the Miller indices of the set of 
planes. These numbers have very simple geometric interpretation. It can be proved 
that the plane (Akl) nearest to the origin has intercepts on the axes a/h, b/k, c/l. 

In terms of the four hexagonal axes dj, d2,43,¢ the vector coordinates u,v,t,w 
must be used. They satisfy the condition u + v + t = 0. The direction is then written 
as [uvtw]. The indices for a plane in four axes notation will be of the type (hkil), 
where the first three indices are related by the condition i = —(h + k). 


2.2 Introduction to Tensors 


The base vectors of an elementary cell in a translation lattice together with one 
lattice point define a crystallographic coordinate system, which is suitable for 
description of crystallographic planes and directions by means of vectors with 
integer components. But for description of crystal physical properties (e.g. elas- 
tic, dielectric or pyroelectric properties, etc.) using material constants another 
coordinate system, so called the Cartesian system, is preferred. 

The Cartesian system is fixed by a point O (origin) in space and by three base 
vectors ej, e», and es, which are of unit length (|/ej]| = lle2z Il = llezl| = 1) and 
orthogonal in pairs (e; Le; for í 4 j). The scalar product of any such two base 
vectors equals to 


e-e =ô;  ij= 1,2,3 (2.3) 
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Fig. 2.5 The orientation of the orthogonal axes x1, x2, x3 with respect to the crystallographic axes 
a,b,c for all crystallographic systems: (a) triclinic, (b) monoclinic, (c) orthorhombic, (d) trigonal 
and hexagonal, (e) tetragonal, (f) cubic 


where ój; is the Kronecker symbol 


1, =] 
ój = lo s (2.4) 
The Cartesian coordinate axes will be denoted x1, x2, and x3. The orientation of 


the Cartesian coordinate system with respect to the crystallographic system for six 
crystallographic systems is given in Fig. 2.5. 


2.2.1 Orthogonal Transformation 


By a linear orthogonal transformation of axes we shall mean a change from one 
Cartesian system to another with the same origin. Let eji, e» and es be the base 
vectors and xi, x2 and x3 the coordinate axes of the first system and e|, e, and e; the 
base vectors and x}, x3 and x; the coordinate axes of the second one. The vectors 
of the second base can be expressed as linear combination of the vectors of the first 
one 


e; — ajjej, (2.5) 
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where the coefficients aj; form the matrix of the orthogonal transformation 


411 412 413 
(aij) = | a21 a22 a23 (2.6) 
431 432 433 


Each element aj; is the cosine of the angle between two corresponding coordinate 


axes (see Fig. 2.6). 


aj = e; - e; = COS(X}, xj) = cos ay (2.7) 


The inverse transformation 


ej = age; (2.8) 
has the transformation matrix (G). As as = cos(xj,x;) = cosa, the matrix (a;i) 
equals to the transpose of the initial matrix (ajj). If we combine the transformation 
Eq. (2.5) with its inverse one (2.8) we get 


/ A] 
e; m Aia; ey (2.9) 


and therefore the matrix (ajj) equals to the inverse of the initial matrix (aj), 


(a5) es (aj) == (a). (2.10) 


Such matrices satisfy the orthogonal relations 


ajkdi] = óÓkl, Ajay = dK (2:11) 


Fig. 2.6 Two coordinate 
systems (O, x1, x», x3) and 

(O, x1» x5, x3) and angles 
between two coordinate axes: 
da] = COS Qœ21, a22 = COS Q2, 

423 = COS oo3, Where 

Glo = LG, 1) 09 = 27005, 32); 
023 = Z(x5,%3) 
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Fig. 2.7 Coordinate systems: X3 X3 
(a) right-handed 
(b) left-handed 
Ü Ü 
X X1 
x X; 
a b 


The square of the determinant of the matrix (a;;) is unity, or 
A = det(ajj) = 1. (2.12) 


It means that the coordinate systems can be divided into two disjoint families, 
right- and left-handed systems (we orient the coordinate systems), see Fig. 2.7. If 
we change the coordinate systems within the same family (systems with the same 
orientation) then A = +1, if we change orientation of the coordinate system then 
A = —]. 

The result of two consecutive orthogonal transformations (O,ej,e»,e3) — 
(O, e; , e», ey), e; = aye; > (O, e;, e), e), ei = ase; can be written as e? = a ey, 
where the matrix (a;, ) can be expressed by matrices of individual transformations 


aa = a;ajk (2.13) 


Combination of two orthogonal transformations is, in general, non-commutative, 
the resultant transformation depends on sequence of individual transformations. 


2.2.2 Transformation of the Coordinates of a Point 


The formulas (2.5) and (2.8) representing the orthogonal transformation of base 
vectors between two Cartesian systems define the transformation matrix (aj;). 

The coordinates of a point X with respect to the coordinate system (O, e1, e», e3) 
are the coordinates of the vector OX = X — O. Let [x1, xo, x3] be coordinates of 
the point X in the coordinate system (O, ej, e», e3) and [x, 35, x5] coordinates of the 
same point X in the second coordinate system (O, e}, e5, ez). The vector OX can be 
expressed in both coordinate systems as 


OX — Xej = xe; (2.14) 
Inserting the transformation formula (2.8) into (2.14) we get 


fof ada 
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that means 
X; = xjaj = ajxj. (2.16) 
Inserting the transformation formula (2.5) into (2.14) we get analogically 


pede aX. (2.17) 


2.2.3 Scalars and Vectors 


A scalar S is a quantity that can be represented by a single number, accompanied 
with the proper unit. A scalar has only a size, it has no directional properties. Such 
quantity does not depend on the choice of coordinate system and therefore it must 
be invariant when one coordinate system is replaced by another. 

Let [x1,x2,x3] be coordinates of the point X in the coordinate system 
(O,e1,€2,€3), [x], x5, x5] coordinates of the same point X in the second system 
(O, e}, €), e2), S(x1, x2, x3) the size of the scalar quantity at the point X in the first 
coordinate system, and S(x}, x5, x) the size of the same scalar quantity at the point 
X in the second coordinate system. Then 


S(x1, x2, x3) = SQ. 25,5) (2.18) 


Some examples of a scalar quantity: temperature, density, entropy, electric 
potential, etc. 

A vector V is a quantity that has size, direction, and sense. In geometric way it 
can be characterized by its size ||V || and angles a, 6, y between the vector V and the 
coordinate axes x1, x» and x3 (only two of them are independent because cos? o + 
cos? B+ cos? y = 1), or by its three coordinates (Vi, V2, Vs ) with respect to the 
given coordinate system. If we change the coordinate system the angles between the 
vector V and the coordinate axes and coordinates of the vector V must by changed 
as well. Let us find the transformation law for the coordinates of the vector V under 
the orthogonal transformation (O, e1, e;, e3) > (O, ej, €), es), e; = a;;e;. 

The vector V, as a line segment, is fixed by its tail Y and head X points, V — X—Y. 
If [x1, x2, x3] and [y1,y2, y3] are the coordinates of the points X and Y in the first 
coordinate system, and [x, , x5, x5] and [y], y), y3] are the coordinates of these points 
in the second coordinate system then the coordinates of the vector V must satisfy 


V=%-% V=X%-). 112.3. (2.19) 
Let us use the transformation law for coordinates of a point (2.16) 

y = x — y; = dijxj — ajjyj = aij(xj — yj). (2.20) 
It means 


V; = ajjVj. (2.21) 
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Note that the orthogonal transformation leaves size of a vector invariant 


Iv’ — V.V —V.Vi-ajVjaiVy = ajaiVj;Vy = 
(202) 
= 6j ViVe = Vk: Vp = V V = | VI’. 


In general, we can define a vector as any quantity V that is at the point X deter- 
mined by three numbers V;(X), i = 1,2,3, which are transformed according to Eq. 
(2.21) under the orthogonal transformation. 

We have found that the transformation law for a vector 1s the same as that for the 
coordinates of a point. 

Some examples of a vector quantity: force, electric field, electric current density, 
spontaneous polarization, etc 


2.2.4 Second-Rank Tensors 


Let us consider two vectors V and W that are connected together by the equation 
V; = TjWi, (2:23) 


in some coordinate system, e.g. E; = pikjk where E is the electric field arising from 
the current density j. 

Now let us use an orthogonal transformation Eq. (2.5) and express the relation 
between the vectors V and W in the new coordinate system. Using Eq. (2.21) we 
get V; = aj, Vk and W; = aj W;. Then 


V; = ik Vk = aikl Wi = aix Tia) W; = aikajiTa W; = T;W;, (2.24) 


where 
T; = dikaji T1. (2.25) 


We see that nine coefficients Tą are transformed to nine coefficients T 

A quantity having nine components, which transform as (2.25) is called a second- 
rank tensor by definition. 

It is easy to find the inverse transformation 


Ii = ayjayjT y. (2.26) 


We can show that a second-rank tensor transforms like the product x; x; if we use 
the transformation law (2.16) 


/ f 
XiX; = GikXkGjIXI = GikGj1XkXI. (2.21) 
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The second-rank tensor is said to be symmetrical if T;; = T;; and antisymmetrical 
if T; = —Tjj. It is easy to prove that any second-rank tensor can be expressed as a 
sum of symmetrical and antisymmetrical tensor 


1 Í 
Tj = (Lg + Tj) + > (T; — Tj) (2.28) 


2.2.5 Second-Rank Symmetrical Tensors, 
the Representation Quadric 


Let us try to find some geometrical illustration of second-rank symmetrical tensors. 
For this, let us start by considering an equation of a second-degree surface (quadric) 
Ajjxjx; = 1, where the Aj; = Aj; are coefficients of the quadric. Let us use an orthog- 
onal transformation Eq. (2.5) and express this equation in the new coordinate system 


/ ./ / d J 
] = A;;xix; = Ajjaygiajxyx; = AyXyxy. (2.29) 


It means the coefficients Aj; of the quadric are transformed like a second-rank 
symmetrical tensor 


Au = akiqrjA;;. (2.30) 


So any second-rank symmetrical tensor can be geometrically represented by a 
representational quadric. The equation of a quadric can be simplified into the form 


Aj + Azx5 + Aax$ = 1 (2.31) 


if it is written in the coordinate system in which axes x1, x2 and x3 are identical with 
perpendicular principal axes of the quadric. 

By analogy, let us express the tensor 7;; in coordinate system of principal axes in 
which it has only three nonzero components T, = T, T5 = T5, T = T; 


T; = aikajiTu, (2.92) 


where the transformation coefficients are at this moment unknown. Multiplying the 
Eq. (2.32) by dim we get 


Gin T; = Gimdikaj Tk] = ajT m. (2.39) 


As the tensor T;, = T;.5; the left side of the Eq. (2.33) equals to djmT;; = ajsT; 
and 


AjmT; = aji. (2.34) 
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If we use the identity djm = ajjój, we get 
aj{Tmi — 8i T;) = 0. (2.35) 


This Eq. (2.35) represents for any index j a set of three linear homogeneous 
equations for aj1, aj» and aja 
aj (111 — Tj) + aj2T12 + ag T13 = 0 
aj Ti + aj2(T22 — Tj) + aj3T23 = 0 (2.36) 
aj T13 + aj2T23 + ajs(T33 — Tj) 2 Ü 


It has nontrivial solution if its determinant is zero, 1.e. 


Lupe Ti T13 
Tp 1»-—1; T3 |=0 (2.37) 
T13 103 bg 
This condition represents a cubic equation for 7;. Its solutions represent the 
diagonal components of the tensor in the principal axes coordinate system. The 


coefficients aj; from Eq. (2.36), as coefficients of orthogonal transformation, must 
satisfy the orthogonal relations 


(aj + (ap)? + (ag) = 1. (2.38) 


2.2.6 Higher Rank Tensors 


The transformation definition of the second-rank tensor can be generalized and used 
for definition of tensors of higher order. 

Tensor of pth order represents 37 quantities Tjj... that are transformed, under the 
transformation of coordinate system x; = ajjxj, according to the law 


/ 
Du. = qimajnakrals . . . Dmnrs... (2.39) 


and 


Tink... = AmiAdnjarkas] - - T (2.40) 


` mur... 
under the inverse transformation of the coordinate system. 
Note 1: polar and axial tensors 


For orthogonal transformation of the coordinate system x; = ajjx; the value of 
det(a;;) = +1 (— 1 for transformations involving reflection or inversion). 
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Transformation properties of polar tensors are independent on sign of det(a;;). 
An axial tensor (or a pseudotensor) of p-order is defined by transformation 


equation 


/ 
T uis = det(a;;)a;najaakrals o Tmnrs... 


Note 2: According to the definition of pth order tensor, scalars are zero-order 
tensors and vectors are first-order tensors. 


Chapter 3 
Elastic Properties of Crystals 


The objective of present day physics is to describe and explain the properties of 
solid materials, in particular of crystals, on the basis of their atomic structure. In this 
chapter we will not pursue this aim. The treatment of matter here will be confined to 
the continuum model. In this model a body consists of a compact continuous set of 
material points. The boundary of this set of points is called the surface of the body. 
Frequently it is convenient to consider a body as a material element cut out of the 
surrounding continuum. The surface then separates the body under consideration 
from its surroundings. 


3.1 The Strained Body 


To characterize the position and motion of a material point we will content our- 
selves with the use of Cartesian coordinates. This frees us from the various, mainly 
mathematical difficulties, involved in the use of more general coordinate systems. 
For cases where non-Cartesian coordinates are unavoidable the reader is referred to 
more comprehensive treatments or textbooks on continuum mechanics (Becker and 
Bürger 1975; Eringen 1967; Haupt 2000; Truesdell and Noll 1965; Truesdell and 
Toupin 1960). 

Our main concern will be the behaviour of an elastic body under the influence 
of a certain system of forces. The application of these forces, in general, leads to 
a motion of the material points. Our immediate task is, therefore, to look into this 
motion. As will be shown later, in the general case such a motion consists of a rigid 
body motion (i.e. translation and rotation) and a deformation. 

The position of a specific material point at a given initial or reference time, usu- 
ally specified as t = 0, will be designated by its position vector X with coordinates 
(X1, Xo, X3). In this way each material point (or mass element) of the body under 
consideration is identified by this vector which, therefore, also serves as an identify- 
ing “name” for this point. The configuration of the body at the initial time is called 
the reference configuration. Consequently, a material point located at position X in 
the reference configuration will further on simply be called material point X. The 
volume of the spatial region occupied by the body in its reference configuration is 
designated by V. 
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At some later time ¢ the material point X will occupy a different position in space 
due to the motion of the body. This position will be designated by the position vector 
x in the given coordinate system. The configuration of the body at time t will then be 
described by a continuous, single valued assignment of a position x to each material 
point X. This leads us to a functional relationship 


X = x(X, t), (5.1) 


where for simplicity and following common use we identify the symbol of the func- 
tion on the right hand side with the symbol of the dependent quantity on the left 
hand side. This relation tells us the position x of material point X at time t. We call 
this the actual or present configuration, which in the context of elasticity describes 
the deformed state of a body. 

In the actual configuration the body occupies a spatial region with volume v 
(Fig. 3.1). Geometrically speaking, the transformation Eq. (3.1) represents a 
mapping of each point X in V to a point x in 7. 

As a consequence of the fact that Eq. (3.1) represents a continuous functional 
relationship we note that adjacent material points will always occupy adjacent points 
in space. That means that fracture of the material is excluded. The one to one rela- 
tionship also means that any material point may not simultaneously occupy different 
positions and that at any position there may not be several material points at the same 
time. Therefore, there exists the inverse relation to Eq. (3.1) 


X = X(x, t), (3.2) 


which specifies the particular material point X, which occupies the position x at 
time f. 


Fig. 3.1 Motion of a material 
line element from the 
reference configuration to its 
actual configuration 
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Further on we will replace the vector notation by the explicit coordinate notation: 

x; = xi(Xk, t), 3.15 

A EX. (3.27) 


X; are called material or Lagrange coordinates while x; are known as spatial or Euler 
coordinates. The motion of a body is a continuous sequence of configurations. Eqs. 
(3.1) and (3.2) as well as (3.1^) and (3.2’) represent, therefore, continuous func- 
tions of time. Summing up, it is presumed that the functions (3.1’) and (3.2’) are 
differentiable with respect to all variables as many times as needed. 

With only a few minor exceptions the dependence on time is not very important 
in the following discussions. It will, therefore, be omitted in the formulae discussed 
in this chapter even when there exists an explicit dependence on time. 

The functional determinant or Jacobean of the transformation Eq. (3.1) is 
designated by J: 


0X1 0X1 0X1 
aX; dX, 9X3 
E 0(X1, X2, X3) _ OX OX Ox? 
— 0(X,,Xo,X3) | AX, 0X3 09X3|' 
0X3 Oxa  0X3 
aX; aX, 9X3 


(3.3) 


It is always positive. The Jacobean of Eq. (3.2’), being the inverse transformation 
of Eq. (3.1^), is given by 


1 09(Xj,X5,X3) (3.4) 
J A(x1,.%2,%3) | 


Partial differentiation of Eq. (3.1^) with respect to the material coordinates yields 








OX; 
dx; = dX, = F;,dX;, 3.5 
i= 3x, k ikd Xy (9.5) 
where 
OX; 
Fi = 3.6 
ik ox ( ) 


are the tensor components of the deformation gradient. A line element 
dX = ejdX;, (3.7) 


that connects two infinitesimally adjacent material points X and X + dX in the refer- 
ence configuration is transformed by the deformation gradient into the line element 


34 3 Elastic Properties of Crystals 
dx = e; dx, (3.8) 


connecting these same material points in the actual configuration in the spatial posi- 
tions X and x + dx. e; are the unit vectors defining the Cartesian coordinate system 
employed. 

Next, we describe the displacement of material point X by the displacement 
vector u given by 


u; = Xj — X;. (3.9) 


Partial differentiation of Eq. (3.9) with respect to the material coordinates yields 
the tensor coordinates of the displacement gradient 


OX; OXk 





Deforming a body leads, in general, also to a change in volume. To discuss this, 
let us consider an infinitesimal rectangular slab formed in the reference configura- 
tion by vectors dA, dB and dC (Fig. 3.2). Their directions are taken to coincide with 
the coordinate axes, which gives them the form 


dA = e¡dX¡, dB = e2dX2, dC = e3dX3. (3.11) 


In the reference configuration the volume of this slab is 


dV = dX¡dX>dX3. (3.12) 


Fig. 3.2 Deformation of an 
infinitesimal material initially 
rectangular parallelepiped 
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By the deformation the slab changes to a parallelepiped with the vectors dA,dB, 
dC being carried into da, db, dc. From Eqs. (3.5) and (3.8) we get 


OX; OX; OX; 
dXje;, db = dXoe;, de = dXse;. (3.13) 
OX] 0X» 0X3 











The volume in the deformed state is given by the triple scalar product 
(da x db) - dc. Taking into account (3.3) we see that the deformed volume do is 
related to the reference volume dV by 


dv = JdV. (3.14) 


This result is independent of the specific shape of the volume element. 

The motion of a material line element dX from the reference configuration to the 
actual configuration may be separated, in general, into a translation, a rotation and 
a stretching of the element (Fig. 3.3), with translation and rotation regarded as rigid 
body motions where the distance of material points X and X + dX would not change. 
We are interested mainly in the third part. A quantitative measure of it is obtained 
from the distance change between the material points X and X + dX. 

Denoting this distance in the reference state by dS we have 


ds? = ¡dx1? = dX;dX;, (3.15) 


while the square of their distance in the actual configuration is 


ds? = |dx|* = dxydxz. (3.16) 


Fig. 3.3 Motion of a material 
line element dX from the 
reference configuration to the 
actual configuration may be 
regarded as consisting of a 
translation (I), a rotation (II) 
and a deformation (III) 
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Employing (3.5) this can be written as 








OX; OX; 
5 i i 
— ——  dX,dX,; = CyudX;,dXj. 3.17 
$ 3X; aX) jd XT jy dXydX; (3.17) 
where 
u OX; OX; (3 18) 
Oe | 


designate the coordinates of a symmetrical tensor, called the Green deformation 
tensor. (Quite similarly, the definition of the Cauchy deformation tensor is obtained 
by the relation cj; = (0X;/0xj)(0X;/0xj)). 

From Eqs. (3.17) and (3.15) we arrive at 


ds? — dS? = Cr AX AX — dX,dX, = (Cy — 8 dX dX; = 2V ¿AX AX. (3.19) 


The relation 
] 
Vua = 5 Cu — Âp) (3.20) 


defines the coordinates of the finite strain tensor, also called Lagrange strain ten- 
sor or Green strain tensor which obviously is also symmetrical. (In the spatial 
description the corresponding quantity is the Euler strain tensor.) 

Frequently it is useful to express the coordinates of the Lagrange strain tensor by 
means of the displacement gradients (3.10): 


V. = 1 Ou; LÀ Qui LÀ; "T ] /duz " du] " 1 du; du; 
dE 2 OX; n OX] x a E 2\0X; dx; 2 0X; OX) 
9:2 


In addition to the difference of the squares of the length of our line element in 
the actual and in the reference configuration let us next find an expression for their 
ratio ds/dS. To do so we introduce unit vectors N and n having the direction of the 
line element in the reference and actual configuration respectively. This allows us to 
write 








dX = NdS = N,;e;dS = ex dXz (3.22) 
and 
dx = nds. (3.23) 


Taking Eq. (3.17) and introducing there dX; = N;dS and dX; = N¡dS according 
to Eq. (3.22) we obtain 


ds 
— = J/CuNkN,. (3.24) 


dS 
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Fig. 3.4 Two material line 
elements, mutually 
orthogonal in the reference 
configuration, subtend an 
angle O in the actual 
configuration 





e, dx, 


It is possible to gain a rather direct insight into the meaning of the diagonal 
coordinates V¡1,V22 and V33 of the Lagrange strain tensor by a suitable choice of 
the material line element under consideration. Let us take first Ni = 1, No = O, 
N3 = 0. Then the relative change in length of the material line element becomes 


ds—dS$ d 
E es sy n edes did sux. (3.25) 


d$ ds 





from which we obtain 


ds — d$ N ds V? 
2V11 = [1 + — ] = —1. (3.26) 





ds dS 


Corresponding equations may be easily derived for V22 and V33 as well. 

In a similar way we obtain an illustrative interpretation of V23. As shown in 
Fig. 3.4 two line elements, orthogonal in the reference configuration, namely e2dX2 
and e3dX5, are considered. We try to find an expression for the angle © they subtend 
in the actual configuration. 

According to Eq. (3.5) the actual state of the two line elements is given by 
dx» = ex(9xx/0X2)dX> and dx3 = ex(9x;/0X3)4X3. Applying the general formula 
for the angle of two vectors known from fundamental vector algebra we find 


OXk OXk 














3X» 3x, Ad 
cos O = — . (3.27) 
ONE axle ay 
e ——— — 
k7 X; 2| [es Xi 3 
Applying further Eqs. (3.17), (3.18), and (3.20) we finally obtain 
C 2V 
cos 9 = ——2 E (3.28) 


V203  JQVa3 + DQVa3 + D 


In a similar way relations containing V3; and V¡2 may be derived. The general 
result is that the off-diagonal elements of the Lagrange strain tensor are related to the 
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angles formed in the actual configuration by material line elements being orthogonal 
and parallel to the coordinate axes in the reference configuration. 

In the classical linear theory of elasticity, which for many applications is a suf- 
ficient approximation, the displacement gradients (3.10) remain very small, more 
precisely, 





o i 
ox zi (3.29) 


OX, 





In this limit it is possible to neglect their squares and products. By this approx- 
imation (3.21) reduces to the definition of the coordinates S; of the infinitesimal 
strain tensor, again a symmetrical second rank tensor 


ç 1 / 0uk du] 330 
lata) EM 

This step is called kinematic or geometrical linearization. For the following 
development we will employ the coordinates Sx of this infinitesimal strain tensor as 
a measure of the local strain of the body in the immediate vicinity of material point 
X at position x in the actual configuration. Usually they will simply be referred to as 
strain coordinates. As a further important consequence of the geometrical lineariza- 
tion the fact should be noted that derivatives with respect to material coordinates Xj 
may be replaced by the corresponding derivatives with respect to spatial coordinates 
xk. Within the limits of applicability of the linear theory of elasticity relations (3.26) 
and (3.28) are also simplified. The former reduces to 


$11 — (3.31) 





The diagonal elements of the strain tensor become identical with the correspond- 
ing relative change in length. 

To obtain a similarly transparent geometrical interpretation of the simplified rela- 
tion (3.28) we introduce the deviation from the original right angle formed in the 
reference configuration arising as a result of the deformation considered, denoting 
it by 

TT 


DE s=, 3.32 
> (3.32) 


For an infinitesimal deformation we find 
. TU . 
cos @ = sin (5 — o) = sin ? = 9, (3.33) 


so that instead of Eq. (3.18) we can write 


y 
$55 = D (3.34) 
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The non-diagonal elements of the infinitesimal strain tensor, called shear 
strains, are one half of the change in angle subtended by two material line ele- 
ments oriented parallel to the corresponding coordinate axes in the reference 
configuration. 


3.2 Stress 


There are two different types of forces acting on an arbitrary body, namely body 
forces and surface forces. Body forces are due to long-range interactions. They act 
throughout the volume of the body. The most prominent example is gravity. Surface 
forces on the other side act over a rather short range. They arise from the interaction 
of the body with its surroundings by way of the body surface or, in the case of two 
interacting bodies by their contact interface. 

Since the magnitude of body forces is proportional to the volume and the mag- 
nitude of surface forces proportional to the contact area it is possible to define force 
densities k and t for body forces and surface forces, respectively, in such a way that 
the total force F acting on the body is given by 


F = f sav + [aa (3.35) 
V A 


Integration extends over the total volume V and the total surface area A of the 
body, respectively. 

In many cases the body force density k is proportional to the mass density p. It 
is, therefore, frequently convenient to replace it by a mass related force density f by 


k = pf. (3.36) 


The surface force density t as defined in Eq. (3.35), being a force per unit area 
is sometimes called stress vector or, for short, stress. It depends not only on posi- 
tion and time but also on the orientation (given by the unit normal) of the surface 
element acted on by the force. Since, in general, the body under consideration is a 
mass element at a certain point P inside a body, there is infinity of choices for the 
unit normal of a surface element. A single stress vector is, therefore, insufficient to 
characterize the state of stress at this point. 

Let us consider the body shown in Fig. 3.5. It is in the form of a tetrahedron with 
volume AV. Its three triangular side faces AOBC, AOCA and AOAB with areas 
AA1, AA», AA3 are normal to the coordinate axes x1, x2 and x3. The directions of 
their normals are given by the unit vectors ej, e? and e3. Their outward pointing 
normal of the base AABC with area AAo is parallel to unit vector n 


n = n;e] + me + 13€3 = ngek. (3.37) 
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Fig. 3.5 Tetrahedron OABC 
under the action of surface 
forces t, —t®, -t@, —4(0? in 
equilibrium 





A simple geometrical consideration shows that the different areas are related by 
AA; = AAon;. (3.38) 


In equilibrium the resultant force acting on the tetrahedron vanishes so that from 
Eq. (3.35) we find 


kAV + tAAQo = t AA, +t AA» + €? AA. (3.39) 


Dividing both sides by AAo and letting the body shrink to a point, maintaining 
its shape, so that AV/AAg approaches zero. Taking this limit and using Eq. (3.38) 
we find 


t = tn, (Pn, + ng = tng. (3.40) 
Expressed in terms of coordinates, this can be written in the form 
L = ln. (3.41) 


Since ng are the coordinates of the unit normal vector n and t; the coordinates 
of the stress vector t we conclude that 7;; must be the coordinates of a second rank 
tensor. It is called stress tensor or Cauchy stress tensor. In general it is position and 
time dependent. 

Next let us formulate the conditions for equilibrium and show that the stress ten- 
sor is symmetric. To this end we take an arbitrary point P within the continuum. We 
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Fig. 3.6 Surface forces acting in x¡ -direction on a material element 


choose the origin O of our coordinate system to coincide with P. We now consider 
an infinitesimal rectangular slab, centered at P, with edges of lengths dx, dx», dx3 
parallel to the coordinate axes (Fig. 3.6). Let us assume the state of stress at the cen- 
ter point P to be given by the coordinates of the stress tensor. Following our intention 
to consider also inhomogeneous stresses we assume that the local variation of the 
stress tensor coordinates may be represented by a Taylor's series expansion termi- 
nated after the first-order term. This allows us to express xı component of the forces 
acting on the faces normal to x; by 


OT), 1 oTi 1 
— | Tii — —  =dx | dxodx4 and | 711 + —— 2dx4 | dx>dx3. (3.42) 
Ox, 2 Ox, 2 


The resultant of these two forces is 
— — dx, dx2dx3. (3.43) 


In the same way we proceed to express the xı component of the surface forces 
acting on the faces normal to x2 and x3 axes with the result 


of 1 OT} 1 oT 
— | Tio — — dm dx3dx1 + | Tio + j dx3dx] = — 2 dx dx dx; 
0x2 2 0x2 2 0X2 
(3.44) 


and 
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ola 1 ola 1 oT 
— | Ta == — dw dxidxo + | T13 + B dx dx dx = —P dxidyodxs 
dx3 2 dx3 2 0X3 
(3.45) 


respectively. 
In addition to the surface forces just calculated we have to consider the cor- 
responding component of the body force according to Eqs. (3.35) and (3.36) 


kıdV = k¡dx¡dx2dx3 = p fı dx¡dx2dx3 (3.46) 


to obtain the resultant force acting on the volume element in direction xi. 

The same procedure yields analogous results for the other two components of 
the resultant force. If no accelerations occur anywhere the total continuum is in 
static equilibrium. The condition for this is the vanishing of the resultant force 
everywhere. Dividing by dx¡dx2dx3 leads us to the equilibrium condition for the 
three-dimensional stress: 


OTi 
OX; 





t p f; = 0. (3.47) 


The term 0T; /0xy represents the i-coordinate of a vector, called the divergence 
of the stress tensor. 

Static equilibrium, however, requires in addition the vanishing of the resultant 
torque. In particular this additional condition must hold for the torques exerted by 
the surface forces acting on the faces of the volume element with respect to all 
three coordinate axes. Starting with the x3-direction we see from Fig. 3.6 that the 
vanishing of this torque means that 


(Tio — T>1)dx¡dx2dx3 = Q. (3.48) 


Similar conditions are obtained immediately for the other two directions and we 
come to the conclusion that the Cauchy stress tensor is symmetric 


T; = Ti. (3.49) 


which means that the indices of the stress tensor coordinates are interchangeable. 
Therefore, written as a matrix, the stress tensor 


Tij Tio Tia 
To Ta Ta (3.50) 
lis 193 133 


contains only six independent tensor coordinates. They describe completely the state 
of stress of the continuum at the point under consideration. The diagonal is formed 
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by the normal stresses T11, T22 and T33, while the shear stresses T23, T3; and T1? are 
placed symmetrically to it. 

Because of this symmetry, we can find a specific system of coordinate axes at 
each point, that allows us to transform Tij into a form with vanishing off-diagonal 
elements. These are called the principal axes. The elementary faces normal to these 
principal axes are free of shear stresses at this point. In the system of principal 
axes three normal stresses, called principal stresses, are needed to determine com- 
pletely the given state of stress. It is not difficult to conclude that two of the principal 
stresses must assume extremal values. 

If there exists a stress-free elementary area at a point of the continuum, this 
special case is called a state of plane stress. The plane of this element is called 
stress-free plane. The conditions of such a plane stress may be readily visualized by 
means of the so-called Mohr circle (e.g. Nye 1972, p. 43). 


3.3 Hooke's Law 


It is a common observation that different materials undergo different deformations 
when subjected to identical stress. Our next objective then is to formulate mate- 
rial related equations, which connect the stresses occurring in a solid body with 
its motion or, more precisely, its strain. These equations reflect the specific mate- 
rial properties of the bodies under consideration. They are actually the equations 
of state, well known in the context of gases, but extended to a more general class 
of materials, in our case crystals. They are usually referred to as the constitutive 
equations. 

Keeping in mind that our aim is to describe the mechanical behaviour of a piezo- 
electric element we start by using the model of an ideal elastic material. The basic 
property of this model is that the Cauchy stress tensor at an arbitrary material point 
at a certain moment depends only on the deformation gradient at this same point 
at the same moment. This implies that a rigid body motion cannot produce any 
stresses. It is also presupposed that the elastic properties of the material are inde- 
pendent of time. Therefore, the stresses are independent of the straining rate as well 
as of previous treatment, in short of the history of the material. 

Flow and plastic deformation of an actual material is disregarded in this model. If 
the stresses disappear so will the strains. The stresses follow even the fastest changes 
in strain without delay. In addition, the material is presupposed to be homogeneous. 
That is, the elastic properties are the same at all points in the material. 

For sufficiently small deformation gradients the coordinates of the stress tensor 
may be approximated by linear functions of the coordinates of the strain tensor. This 
geometrical and physical linearization leads to a generalization of Hooke's law, well 
known for isotropic bodies. It takes the form 


Tij = CijklSkl. (3.51) 
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The quantities cjjy, describing the material properties, are called elastic stiffness 
constants or stiffnesses. The transformation properties of the cj;;; under a rotation 
of the coordinate system is uniquely determined by the requirement of a coordinate 
invariant formulation of Eq. (3.51). The rank of this material tensor is equal to the 
sum of the ranks of strain and stress tensor. Accordingly, cj; are the coordinates of a 
fourth rank tensor. The symmetry of strain and stress tensors requires the symmetry 
of the stiffness tensor with regard to an interchange of i and j as well as k and / 


Cijkl = Cjikl = Cijlk = Cjilk- (3:52) 


A thermodynamic argument (see Chap. 4) yields the additional symmetry with 
respect to an interchange of the index pairs ij and kl, that is 


Cijkl = Cklij- (3.53) 


This makes cj; a symmetric tensor, which possesses at most 21 independent 
coordinates as in the case of crystals of the triclinic crystal system. Apart from the 
symmetry required by the interchangeability of indices all material properties must 
also reflect the crystal symmetry, i.e. the point group symmetry. This reduces further 
the number of independent material tensor coordinates. The elastic properties of 
cubic crystals are uniquely determined by a total of three elastic material constants 
while for isotropic bodies only two are required and sufficient. 

Sometimes it is necessary to express the coordinates of the strain tensor Sj in 
terms of the stresses Tg. This requires the solution of Eq. (3.51). If the various 
symmetries involved are taken into account, this turns out to form a system of six 
linear equations for the six strain coordinates. A solution exists if the determinant of 
the coefficients (containing only the elastic stiffnesses) does not vanish. The result 
takes the form 


Sij = Sijkl y. (3.54) 


The coefficients sj; are called elastic coefficients or elastic compliances. 
Obviously they are the coordinates of a tensor inverse or reciprocal to the stiffness 
tensor. This is expressed by the relation 


1 
CijklSklmn = > (Simm T diia) (9:55) 


where on the right hand side there appears the fourth rank unit tensor. This shows 
directly that elastic compliances obey the same symmetry relations as stiffnesses. If 
a particular stiffness coordinate cj; = O (e.g. for reasons of crystal symmetry) then 
the corresponding compliance coordinate sij; must vanish as well. 

The symmetry of tensors for strain and stress and the related reduction in the 
number of coordinates has given rise to the introduction of an abbreviated nota- 
tion and a representation of these quantities by matrices. This abbreviated matrix 
notation is almost exclusively in use in the literature on piezoelectricity and in the 
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Table 3.1 Assignment of contracted matrix indices to their corresponding tensor index pairs 


ij or kl 11 22 33 23 31 12 
32 13 21 


À or u l 2 3 4 5 6 


engineering literature in general. For mechanical state variables and the correspond- 
ing material coefficients symmetric pairs of tensor indices are replaced by single 
matrix indices taking values running from 1 to 6. For clarity and distinction from 
tensor indices we denote them with lower case Greek symbols while remaining 
Latin indices still run from 1 to 3. The assignment of matrix indices is shown in 
Table 3.1. 

Conveniently matrix indices may also be obtained by 


a —kóg + (1 — ôk) (9 — k — D (3.56) 


and as a mnemonic help we note that for off-diagonal matrix elements the sum of 
all three indices involved (tensor index pair and matrix index) is always 9. For short 
we will speak of tensor or matrix notation whenever tensor indices or matrix indices 
are employed, respectively. 

It was shown earlier that there are only six independent tensor coordinates for 
strain and stress. The matrix notation allows us to assign them just six different 
symbols. Following Table 3.1 the assignment T;; = T; is chosen and 


Lu do Lis Tı Te Ts 
lo Ly Ds |=| Te I2 T4 ļo (3:57) 
fia Toa 133 fs T4 T3 


where elements in corresponding position in the matrices are equal. 
For the strains however, the relation between matrix and tensor elements is given 
by 2S;; = (1 + 9jj)$; and the comparison of the two matrices is as follows: 


l 
311 S12 813 $i 386 555 
Sr S2 S3 |=] iSe S 554 |. (3.58) 
S13 $23 533 Iss 1$, S 


The shear strains S4, $5 and Sg denote the doubled values of the corresponding 
tensor coordinates. By Eq. (3.34) they are equal to the change in angle subtended by 
two material line elements oriented parallel to the corresponding coordinate axes in 
the reference configuration. 

If the matrix notation is to be of use, the formulation of Eqs. (3.51) and (3.54) 
has to be adapted together with the notation for the elastic material coefficients. This 
means for the elastic stiffnesses 


Cijkl = Cap» (3.59) 
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while for the compliance constants the relation is more involved. For them a matrix 
notation is chosen that allows the most compact and simple form of Eq. (3.54) (that 
is a form involving no additional numerical factors) in conjunction with the defini- 
tion of the strains S, given above. The reader is invited to perform the summations 
required by the Einstein summation convention and thereby convince himself that 
this is accomplished by the following definition 


Asi; = (1 + Š;;)(1 + usa. (3.60) 
Relations (3.51) and (3.54) then read 
T, = cxuŠu (3.517) 
and 
Sa = siu, (3.54”) 


We note that there is now also a simple relation, analogous to Eq. (3.55), between 
stiffness and compliance constants: 


CAuSur — Drs (355°) 


This relation allows us to calculate compliances from the stiffness and vice versa 
by the following procedure. Let us denote by A“ and Aš the determinants of the 
stiffness and compliance matrices, respectively, both presumed to be non-vanishing. 
Further denoting by A » and by A5 " the minors of their àu elements, respectively, 
we obtain the relations 


(= DES AT 


as (3.61) 


Siu = 
and 


(DA 


As (3.62) 


Chu = 
The notation conventions adopted here follow the recommendation given in stan- 
dards such as IRE Standards on Piezoelectric Crystals (1949) and their updates as 
ANSI-IEEE Std 176 (IEEE 1978, 1987). However, there are authors (e.g. Wooster 
1973) who use different assignments for the transition from tensor to matrix nota- 
tion. In addition, the naming of material coefficients is not uniform in the literature. 
It is, therefore, strongly advisable to check carefully the definitions before using 
numerical values. 
The reader might wonder about the reasons for establishing two different 
notations in parallel. Obviously, both of them have their advantages and some draw- 
backs. The tensor notation underscores the essential mathematical structure of the 
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quantities. It also allows a simple formulation of their transformations with respect 
to rotated coordinate systems. By this it also facilitates the inspection of the mate- 
rial symmetry properties. The matrix notation on the other hand shows more clearly 
the effective number of independent components, arising from the symmetry of the 
tensors. It is more compact and, in a sense, more easy to survey. For these reasons, 
as mentioned before, it is preferred in the engineering literature and in the context 
of piezoelectrics, so it will be also used here from now on. However, it obscures the 
essential tensor character of the quantities, which makes it considerably less suited 
for the formulation of transformation equations. 


3.4 Transformation Equations for Elastic Constants 


The elastic properties of an ideally elastic crystal may be characterized completely 
by the numerical values of either the elastic stiffnesses cC;jx Or Cy, or else of its 
compliances s;j; or sx. These numerical values, however, are referred to a spe- 
cific coordinate system and are, therefore, dependent on its choice. Usually they are 
reproduced in tables as referred to a Cartesian coordinate system with axes paral- 
lel to important crystallographic directions. It is chosen in a way that makes the 
representation of crystal properties as simple as possible, as was shown already in 
Chap. 2, and is called the crystal coordinate system. 

In many cases, however, it is useful to calculate the values of material coeffi- 
cients as referred to a different Cartesian coordinate system that is rotated in some 
way with respect to the standard crystal coordinate system. Imagine, for instance, a 
crystal specimen in the form of a rectangular slab with edges that are not parallel to 
the crystal axes. The investigation of its behaviour is clearly simplified if we choose 
a coordinate system with axes parallel to its edges choosing, for convenience, a 
common origin for both coordinate systems. Let us call this specimen-based coor- 
dinate system the primed system and designate quantities referred to them also by 
primes, while everything referred to the standard crystal coordinate system remains 
unprimed. The transition from one coordinate system to the other is represented by 
an orthogonal coordinate transform for which the general transformation law Eq. 
(2.39) holds. 

The transformation equations for the stiffnesses and the compliances then read: 


/ 
Cijk] = GimGjnGkpGIqCmnpq (3.63) 


and 


/ 


Helpful tables for writing down the explicit matrix notation form of these rela- 
tions for a general rotation of the coordinate system have been worked out by 
Hearmon (1957) and can also be found in Petrzilka et al. (1960). 
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3.5 Young's Modulus and Poisson's Ratio 


The elasticity of isotropic materials is usually described by Young's modulus E, the 
Poisson ratio v and by the shear modulus G. These quantities are of ubiquitous use 
in engineering. It is also quite generally known that these quantities are related by 


F = 2(1-: p G, (3.65) 


which means that only two of them are Independent. 

We now turn briefly to the question to what extent it might make sense to 
define these quantities also for crystals. Because of the anisotropy of crystals 
it is evident that this will always be possible only for one or two specified 
directions. 

Let us choose the direction for which we wish to determine Young's modulus E 
as the x, axis of a coordinate system rotated with respect to the crystal coordinate 
system. Let us assume in addition that with respect to this primed coordinate system 
there is only one component of stress, namely T}, all others being zero. This normal 
stress T, causes a strain S given by 


exp (3.66) 


In analogy to isotropic bodies we define Young's modulus in the direction 
considered here by the ratio of 


E = ii (3.67) 
— / ° . 
51 
from which we obtain 
| ] 
B (3.68) 


511 


To visualize the elastic properties of crystals it is common to draw a polar dia- 
gram with radius vectors of length equal to E” (that is the reciprocal of s) in all 
directions. The endpoints of these radius vectors define the so called elasticity sur- 
face of the given crystal. For quartz it is in the form of an oval. The numerical value 
of Young's modulus for each specified direction may be calculated from Eq. (3.57) 
and from the transformation equation for s! ,. 

For isotropic bodies Poisson's ratio is defined as the negative ratio of transverse 
and longitudinal strain produced by the same stress system as above, that is uniaxial 
stress T}. For crystals it becomes necessary to relate the corresponding quantity to 
two directions. If we consider x; as the transverse direction, we find 
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Since the strains in the given stress situation have the form 
S, = s, T! and S, = Z, Ti. (3.70) 


we have the result 


s12 

/ 

Py = ul (3.71) 
11 


In transverse direction X4 there is, in general, a different transverse strain and, 
therefore, a different Poisson's ratio 


y! H8 (3.72) 
13 — , . . 
511 


Conventional isotropic materials contract laterally on lengthwise extension. This 
behaviour is expressed by a positive Poisson's ratio for which the upper limit is 0.5. 
Since thermodynamic arguments lead to a lower limit of —1 the opposite behaviour, 
namely lateral expansion accompanying lengthwise elongation should be possible. 
For crystals negative Poisson's ratios of the type Eqs. (3.71) or (3.72) were known 
for a long time. Usually, however, only one of the two ratios referring to orthogonal 
transverse directions is negative with the overall effect that the cross sectional area 
normal to the extension decreases on elongation. An exception to this, correspond- 
ing to a negative averaged Poisson's ratio was first discovered for a certain range 
of orientations in a-quartz crystals by Kittinger et al. (1981). In the meantime also 
isotropic materials exhibiting a negative Poisson's ratio have been found by Lakes 
(1987). 


3.6 Thermodynamics of Mechanical Deformation 


Straining a body involves forces and displacements. Therefore, work is done in this 
process. To calculate this work we consider the body as a thermodynamic system 
that is closed but not isolated. All matter and points not belonging to the body under 
consideration constitute the surroundings of this system. By designating the system 
to be closed we infer that the boundary between the system and its surroundings 
does not allow any mass transfer. For an isolated system the boundary would in 
addition exclude the transfer of all energy. 

Forces acting on the system exerted by the surroundings come into play in the 
form of body forces or surface forces, which in conjunction with motion do work 
that changes the energy of the system. This mechanical interaction of the system 
with its surroundings, however, is not the only way of mutual energy exchange. In 
general, electrical interactions and heat transfer contribute as well. Here, we restrict 
our considerations to mechanical and thermal interactions, deferring discussion of 
electrical contributions to Chap. 4. 
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In a steady state the properties of a system are independent of time. If there exists 
a special reference frame in which all mass elements in the body are at rest and if no 
heat is exchanged with the surroundings the state is called a thermodynamic equi- 
librium state. Classical Thermo *dynamics" deals exclusively with such equilibrium 
states and it has aptly been suggested to name it thermostatics instead. Nevertheless, 
the name thermodynamics has persisted and we will also continue to use it. Of 
course, the temperature is the same everywhere in a system in thermodynamic 
equilibrium. 

It is not helpful to burden the discussion with the complications of complete gen- 
erality. So, the treatment is restricted to homogeneous systems, i.e. to systems with 
properties that are independent of position. The equilibrium state, usually simply 
called state, of a system is uniquely determined by a set of macroscopic measurable 
quantities. All quantities uniquely associated with and representative for a thermo- 
dynamic state are called state quantities. They are related to each other in various 
ways and, appearing in functions they are called state variables. A considerable 
number of quantities that fulfill this requirement can be defined. However, only a 
limited number of them is independent. In fact the number of independent state vari- 
ables is given by the number of independent energy forms involved. A proper choice 
of independent state variables must either include the temperature @ as one of them 
or else the selected variables must together uniquely determine the temperature. 

One of the fundamental state functions characterizing a system is the internal 
energy U. It is in the atomistic sense the sum of all kinetic and potential energies of 
the constituent particles contained in the system. The first law of thermodynamics 
is the appropriate formulation of the energy conservation principle. Internal energy 
may only be altered by an energy transfer between the system and its surround- 
ings. Under the restrictions stated above this means that any increase of the internal 
energy from an initial value Uj to the final value U2 must correspond to the sum of 
the heat Q transferred to and the work W performed on the system. 


Uz — Ui = AU = Q + W. (3.73) 


It must be understood that U is a unique function of other state variables and, 
therefore, is itself a state variable. Q and W on the other hand denote just magni- 
tudes but no functions. Heat and work are not energy forms themselves but forms of 
energy transfer. Going to the infinitesimal limit the difference AU becomes a true 
differential dU of the function U, while heat and work are reduced to infinitesimal 
amounts óQ and ó W but no differentials (which fact 1s indicated by the symbol ó 
which is not a linear operator). In this sense the infinitesimal form of Eq. (3.73) 
becomes 


dU = 8Q + 8W. (3.74) 


Identical changes of internal energy may be obtained by quite different values of 
óQ and ó W. 
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Internal energy is proportional to the mass of the system. The internal energy of 
a system is equal to sum of internal energies of all subsystems. A state variable with 
this additive property is called an extensive variable. Internal energy (together with 
other energy functions) is frequently taken per unit volume as an energy density and 
denoted by the symbol U. 

According to the second law of thermodynamics the heat transferred to a system 
in a reversible process may be expressed in the form 


óQ = O d> (3.75) 


introducing the state variable entropy with the symbol 2 which is again an extensive 
variable. Taken per unit volume as entropy density it will be denoted by o. Although 
the additivity property does no longer hold for energy density and entropy density, 
U and o (as well as other similarly “reduced” quantities) are still called exten- 
sive variables, retaining this property from the corresponding non-reduced parent 
quantities. 

Temperature obviously has no additive property. In equilibrium all subsystems 
are at the same, the system temperature. This property makes it a so called intensive 
variable, together with a number of other (in this respect similar) variables. 

Taking Eq. (3.74) per unit volume, denoting work per unit volume by W and 
making use of Eq. (3.75) we have 


dU = Odo + óW. (3.76) 


We now need to express the work done in elastically deforming the body in terms 
of state variables, that is In terms of stress and strain. To do this let us consider an 
initially rectangular element of the body with edges a,b and c parallel to the axes 
X1, X2 and x3, respectively, with origin at the center of this element. It is in a homo- 
geneously deformed state with stresses T;; and strains Sj; with deformations small 
enough to justify the geometrical linearization. We consider now infinitesimal incre- 
ments in the strains under the action of the stresses. The parallel pair of faces normal 
to xı thereby will be displaced in x¡-direction by +dS11 2a. The force components 
in this direction are given by +7 ¡bc. The work performed per face is then given by 
lI; Ti1dS11abc. Dividing by the volume abc of the body we see that T11dS,, is the 
contribution of the normal stress T1; to the total work per unit volume. The same 
faces are also under the action of the shear forces given by +T>ibc and +T3¡bc. 
Increments of the corresponding shear strains displace the centers of these faces by 
--d$5; ha and +dS31 ^a, respectively. This results in contributions of T21dS21 and 
T31d$3, to the total work per unit volume. Further contributions are added by the 
other pairs of faces in a completely corresponding way. Therefore, invoking again 
the summation convention we can write 


86W = TjjdSj;. (3.77) 
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For reversible quasistatic processes and infinitesimal strains (3.76) then becomes 
dU = Odo + TjdS;;. (3.78) 


For adiabatic processes do = 0, which leaves 
dU = TijdSj;. (3.79) 


This result, containing only perfect differentials, allows then to express the stress 
as derivative of the internal energy as 


aU 
T= (==) « (3.80) 
ISi), 


The suffix o emphasizes the fact that this partial derivative is to be taken at 
constant entropy. 

For isothermal processes the condition is @ = const and Eq. (3.78) may be stated 
in the form 


TjjdS;; = d(U — Oo). (3.81) 


In this case the stress has to be expressed by 


peu (= 
T; = |_-———) = ! (3.82) 
OS; Jo \dSi) 


where the Index @ indicates the condition of constant temperature and where the 
function F is introduced as 





F=U-00, (3.83) 


which is called free energy density or Helmholtz free energy density. Frequently 
and appropriately functions like U and F are called thermodynamic potentials since 
state variables may be obtained from them by differentiation. In this sense for 
isothermal processes F has exactly the same relevance that U has for adiabatic 
ones. For other selections of independent variables other corresponding thermody- 
namic functions or potentials may be defined. This will be discussed in the following 
chapter. 

For the two special processes discussed above ó W equals a perfect differential as 
shown by Eqs. (3.79) and (3.81). Expressing both $0 and óW exclusively by state 
variables makes (3.78) is a much more useful and generally valid formulation of 
the first law of thermodynamics. It must be noted that while do and d5;; are perfect 
differentials by themselves, the products Odo and T;;dS;; involving also dependent 
variables are true differentials only in special cases, but not in general. 


References 33 
Replacing tensor double subscripts by single matrix indices (3.78) becomes 


dU = Odo + T,1dS, (3.84) 


This relation exemplifies that each change of internal energy of the system is, 
in general, the sum of the amounts of all independent forms of energy exchange 
between the system and its surroundings. These forms are independent only if they 
correspond to associated independent state variables. Therefore, the number of inde- 
pendent forms of energy transfer is equal to the number of independent variables. 
This number is also called the number of degrees of freedom of the system. In the 
context of heat it was seen that an intensive variable (temperature) appears together 
with an extensive one (entropy). This holds as well for the other forms of energy 
transfer: In every energy transfer representation the differential of an extensive 
variable is multiplied by an intensive variable. 


References 


Becker E, Bürger W (1975) Kontinuumsmechanik. Teubner, Stuttgart (in German) 

Eringen AC (1967) Mechanics of continua. Wiley, New York, NY 

Haupt P (2000) Continuum mechanics and theory of materials. Springer, Heidelberg 

Hearmon RFS (1957) Equations for transforming elastic and piezoelectric constants of crystals. 
Acta Crystallogr 10:121-124 

IEEE Standard on Piezoelectricity (ANSI-IEEE Std 176-1978) (1978) IEEE, New York, NY 

IEEE Standard on Piezoelectricity (ANSI-IEEE Std 176-1987) (1987) IEEE, New York, NY 

IRE Standards on Piezoelectric Crystals (1949) Proc. IRE 37(12):1378-1395 

Kittinger E, Tichy J, Bertagnolli E (1981) Example of a negative effective Poisson's ratio. Phys 
Rev Lett 47:712 

Lakes RS (1987) Foam structures with a negative Poisson's ratio. Science 235:1038 

Nye JF (1972) Physical properties of crystals, 6th edn. Clarendon Press, Oxford 

PetrZílka V, Slavík JB, Solc I, Taraba O, Tichy J, Zelenka J (1960) Piezoelectricity and its technical 
applications. (in Czech) Academia, Prague 

Truesdell C, Noll W (1965) The nonlinear field theories of mechanics. In: Flügge S (ed) 
Encyclopedia of physics, vol III/3. Springer, Heidelberg 

Truesdell C, Toupin RA (1960) The classical field theories. In: Flügge S (ed) Encyclopedia of 
physics, vol III/1. Springer, Heidelberg 

Wooster WA (1973) Tensors and group theory for the physical properties of crystals. Clarendon 
Press, Oxford 


Chapter 4 
Basic Thermodynamics of Piezoelectric Crystals 


The purpose of this chapter is to extend the macroscopic description of the 
mechanical-thermodynamical behaviour of matter to elastic dielectrics with piezo- 
electric properties. This step allows then the study of electromechanical interactions 
forming the basis of piezoelectric elements in force, pressure, and acceleration 
sensors. 


4.1 Dielectric Properties 


As in previous chapters we work in the continuum limit employing quantities 
averaged over macroscopically infinitesimal volume elements and disregarding 
microscopic local variations associated with the molecular structure (see Brown 
1956). These considerations will be limited to processes sufficiently slow to restrict 
the treatment to time independent or quasistatic fields. The validity of Maxwell's 
equations of electrostatics is presupposed. The basic electric state variables are the 
electric field strength vector E, the electric flux density (or electric displacement) 
vector D, and the electric polarization vector P, related by 


D = oE + P (4.1) 


Material properties are characterized by the permittivity tensor ej; or the dielec- 
tric susceptibility tensor xj; describing relations between the field quantities by 


Dj = eijEj " (4.2) 
Pi = Xij€oEj s (4.3) 
g; = (1 + xij)&o . (4.4) 


In tables on material properties usually the relative permittivities £;;/£o are listed, 
formerly also called (relative) dielectric constants. Symbol eo designates the elec- 
tric field constant which, regrettably, frequently 1s called “permittivity of vacuum". 
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Since eq is entirely a consequence (and, therefore, dependent on) the particular sys- 
tem of measuring units (in this case the SI) on which the formulation is based, this 
latter designation is misleading and has nothing to do with a physical property of 
vacuum. 

Equations (4.2) and (4.3) suggest a direct proportionality between D and P with 
E. This is obviously only an approximation (sometimes excellent, in other cases 
rather poor) similar to Hooke’s law in the case of elasticity. Deviations from this 
linearity are discussed elsewhere in this volume. 


4.2 Internal Energy of Elastic Dielectrics 


When in a dielectric body the material is polarized by the application of an electric 
field work is done by electric forces. As in the analogous case of a deformed elastic 
body where the work per unit volume may be interpreted as an elastic energy density 
called deformation energy, the work of the electric forces may be understood as 
increasing the electrostatic field energy density. For an infinitesimal increment this 
takes the form 


dw = E : dD = E;dD; , (4.5) 
which is integrated to 
1 1 


Extending Eq. (3.84) by this electrostatic energy the infinitesimal change in 
internal energy density becomes 


dU = Odo + E¡dD; + T, dS. . (4.7) 


This relation is the basis of the thermodynamics of an elastic dielectric. 
Components D; and E; are uniquely defined for a certain thermodynamic equi- 
librium state and, therefore, take the place of additional variables of state in the 
thermodynamic sense. In what follows we will use the simple term variable to 
designate a thermodynamic state variable unless the distinction becomes necessary. 

It is appropriate here to recall the limited validity of Eq. (4.7). In deriving the 
work of the surface forces only linear terms were retained and all higher order terms 
were neglected. In passing to energy densities it was assumed that the changes in 
size in an elastic deformation and the difference between actual and reference vol- 
ume are negligibly small. If finite deformations and nonlinear material properties are 
to be considered this is no longer admissible. This topic will be further elaborated 
in Chap. 6. 

In addition to the short range surface forces acting on contact it is necessary also 
to consider electrostatic long range forces in dielectrics. This is to say that in order 
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to determine the electric field strength at a certain point Inside the dielectric we need 
to know the polarization in the entire volume. 

Finally, there are certain implications imposed by crystal symmetry. According to 
Neumann's principle the number of independent tensor coordinates characterizing 
a certain physical property of a crystal 1s limited by the symmetry of the crystal in 
its reference state. However, subjected to an external action the crystal, in general, 
has lower symmetry. In this case the set of symmetry elements is the intersection of 
the symmetry elements of the reference state crystal and those of the external action 
before being applied to the crystal. 

Despite the limited validity some very useful conclusions may be drawn from 
Eq. (4.7). 


4.3 Linear Constitutive Equations 


Internal energy density U is a thermodynamic potential in conjunction with inde- 
pendent variables o, D; and S}. The partial derivatives of this potential with respect 
to these variables yield the quantities O, E; and T; , respectively, 





aU 

@ = (2) , (4.8) 
00 DS 
aU 

E; = ( ) | (4.9) 
oDi c S 
ð 

T, = = | (4.10) 
OS) ao ,D 


Subscripts affixed to the derivatives indicate the quantities to be held constant in 
this operation. 

As a result conjugate dependent state variables are obtained expressed as 
functions of all the independent variables, in this case o, Dj and S}. For many appli- 
cations of numerous crystals it is sufficient to approximate these by linear functions 


in the form 
o Q 00 00 
AG = | — Ao + | — D, + | — SA, (4.11) 
o D.S o Dk os d à/o,D 
oE 


E (5) A +( .) D + (=) $ (4.12) 
poem MET O k À ° . 
I do J p.s ID; ) 4 5 IS.) D 


Ty = du Ao + a Dk + OF S 4.13 
do D.S OD; o,S 0S) ao ,D 


where AO and Ao are the deviations from the reference state values Oo and oo. 
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Table 4.1 Thermodynamic potentials and linear constitutive equations 


Name and definition of thermodynamic Total differential of thermodynamic 
Independent Variables potential potential 
o, Dk, Su Internal energy U dU = Odo + EjdDy + T, dS,, 
©, Dy, Sy Helmholtz free energy F = U — o 8 dF = —odO + EdD + T, dS, 
c, Ej, Ty Enthalpy H = U — D¡Ez — SuT,, dH = Odo — Dy dE, — SudT y 
o, Dk, T, Elastic enthalpy Hy = U — SuTu dH; = Odo + EdD — SudT y 
o, Ek, Su Electric enthalpy Ho = U — Dy Ex dH = Odo — D¿dEz + T, dS y 
O, Er, T, Gibbs function G = U — o © — Dg Ex — Su Tu dG = —o dO — DydE, — SudT y 
©, Di, Ty, Elastic Gibbs function Gi =U—0 0 — Su Tu dG; = ~o dO + EjdD, — SudT y 
©, Ek, Su Electric gibbs function Go = U — o © — D¿Ex dG, = —o dO — D¿dEz + T, dS, 


Equations of this kind are called linear constitutive equations. The derivatives 
of the dependent variables with respect to the independent ones represent mate- 
rial coefficients. Recalling Eqs. (4.8), (4.9), and (4.10) they may also be written as 
partial second derivatives of the appropriate thermodynamic potential. Because of 
this second-derivative property these coefficients are called second-order material 
coefficients. 

Frequently, the experimental situation suggests different quantities, which can be 
readily controlled and varied at will and should, therefore, be treated as independent 
variables. Staying with the variables introduced so far, namely O, c, Ei, Di, T4, S, 
there are eight different ways of choosing a triple of independent variables. For 
each of these eight sets an appropriate thermodynamic potential can be defined. The 
transition from the internal energy density U to the new potential (representing an 
energy density as well) is accomplished by the so called Legendre transforms. 

These are summarized in Table 4.1. The first column shows the three independent 
variables. In the second column the name of the associated thermodynamic potential 
is given together with the defining Legendre transform. The third column shows 
the total differential of this potential, followed in the remaining columns by the 
corresponding linear constitutive equations. The material coefficients appearing in 
them and listed in Table 4.2 will be explained later. 

In the context we have chosen here, the state of a crystal is fully determined 
by one thermal, one electric, and one mechanical quantity. The thermal quantity 
1s represented by a scalar, the electric quantity by a vector and the mechanical 
one by a symmetric second rank tensor. Therefore, ten independent variables — 
one scalar thermal quantity, three electrical vector coordinates, and six mechanical 
tensor coordinates — are needed. 

As an example let us discuss the triple of independent variables defining the 
Gibbs function G. Temperature O, the coordinates of the electric field vector E; and 
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Linear constitutive equations 
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the tensor coordinates of the stress tensor T, are chosen as independent variables. 
This is in accord with the usual experimental situation. The corresponding linear 
constitutive equations are 











do do do 

Ag (55) O (5) (5) Ta — (41) 
ID; ID; dD; 

D= AO + Ex + T,, (4.15) 
oS oS oS 

= (ce) AO + E3 E, + (t) Ta. (4.16) 


4.4 Material Coefficients 


Let us consider once more the set of constitutive equations (4.11), (4.12), and (4.13). 
It was mentioned in this context that partial derivatives of dependent variables with 
respect to independent variables define the material coefficients involved. The terms 
appearing in the leading diagonal of the array on the right hand side of this system 
of equations represent the so called principal effects. Writing 


9 E.T 
( = | = (4.17) 
E,T 





00 S 


defines the specific heat capacity cË! at constant electric field and constant stress. It 
is analogous to the specific heat c, defined for gases at constant pressure. While o is 
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Material properties 


Thermal 


Dielectric 


Elastic 


Pyroelectric 


Piezoelectric 


Thermoelastic 
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Table 4.2. Second order material coefficients 


Material coefficient 
Specific 

Heat 

Capacity 
Permittivity 
Impermittivity 


Compliance 


Stiffness 


Pyroelectric coefficient 


Pyroelectric coefficient 


Pyroelectric modulus 


Pyroelectric modulus 


Piezoelectric coefficient 


Piezoelectric coefficient 


Piezoelectric modulus 


Piezoelectric modulus 


Expansion coefficient 


Stress coefficient 


Stress modulus 


Expansion modulus 


Symbol and definition 
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the entropy per unit volume the specific heat is a quantity per unit mass. Therefore, 


the density o of the crystal 1s also needed in this relation. 
Furthermore, with reference to Eq. (4.2) we see that 


aD; 
( .) =s (4.18) 


are the coordinates of the permittivity tensor at constant temperature and constant 
stress and with reference to (3.54’) we recognize 


3S 
(5) = 592 (4.19) 
O Tu O,E 


as isothermal elastic compliances at constant electric field. 
The derivative 








= d; (4.20) 
0T, / oE i 
represents the coefficient in the direct piezoelectric effect, while 
oR) 
— — d (4.21) 


means the coefficient in the converse piezoelectric effect, both defined at constant 
temperature. The same symbol is used for both of them, as it can readily be shown 
that they are equal. To demonstrate this Eqs. (4.15) and (4.16) are rewritten in the 


form 
9D, 9D, 9D, 
D; AO + Ex + T), (4.15) 


as as as 
S.=(— AO + {— Ee E T. (4.16/) 


with some subscripts in Eq. (4.16) reassigned. Taking into account that these equa- 
tions represent total differentials and expressing D; and S,, as derivatives of the 
Gibbs function G by 











dG 
v= - (55) | (4.22) 


cee ceed (4.23) 
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1t follows that 
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40 — (Pi NM 32G _ 32G _ (8p EMT 
dl Tulez De Me OE Jor  "U 


(4.24) 
The superscripts (d) and (c) refer to the direct and converse piezoelectric effect, 











respectively. Given this equality of d and a the superscripts are redundant and 
are, therefore, omitted. 

In a similar manner the corresponding relations for the last two material coeffi- 
cients in Eqs. (4.14), (4.15), and (4.16) may be derived. The pyroelectric coefficient 
at constant stress is given by 





0 ID; 
p = (57) a ) | (4.25) 
and the thermal expansion coefficient at constant electric field 1s 
0 0s 
of = (2) = (E) | (4.26) 


Making now use of the symbols defined so far for the material coefficients the 
constitutive equations (4.14), (4.15), and (4.16) take the form 





pct 
Ao = AO +p; Ej +0 Tp, (4.27) 
— xr @,T @ 
D; =p, AO -- ej" E, + di Tu, (4.28) 
Oe = E © OF 
j= 0, AO+d E; + su; Tu- (4.29) 


In an experimental determination of the different material coefficients the situa- 
tion is quite similar to the partial derivatives involved: All independent variables 
have to be kept at a constant value with the exception of the one that appears 
together with this coefficient in the constitutive equations and with respect to which 
the derivative is taken. To characterize these various constraints involved specific 
designations have come into use. 

If stress is kept constant this is called a mechanically free state. If, alterna- 
tively, the strain is kept constant this is spoken of as a mechanically clamped state. 
A similar terminology is sometimes used for the electrical situation (e.g. Cady 1964, 
p. 262). Keeping electric field strength constant is called electrically free, while 
electrically clamped refers to the constancy of the electric flux density. Finally, keep- 
ing temperature constant is referred to as isothermal while the situation at constant 
entropy is called isentropic or adiabatic. 

The material properties determining the relation between ©, E; and T, as inde- 
pendent variables with the dependent variables o, D; and S, may be represented by 
a matrix of 10 by 10 material coefficients. As a consequence of their symmetry 
properties this matrix contains 55 independent material coefficients in the most 
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general case of crystal symmetry. These are: 1 thermal, 6 dielectric, 21 elastic, 6 
thermoelastic, 18 piezoelectric, and 3 pyroelectric constants. Once more it must be 
emphasized that each one of these is to be interpreted as a second partial derivative 
of a thermodynamic potential, in this case the Gibbs function. Which one of the 
eight thermodynamic potentials is the relevant one is governed by the constraints on 
which their definition is based. 

A different choice for the triple of independent variables (implying the corre- 
sponding set of dependent variables) leads to the definition of different material 
coefficients. For each such choice with its corresponding thermodynamic potential 
there is also a corresponding 10 by 10 matrix containing 55 independent coefficients. 
The applicable description of a certain effect by a material coefficient depends on the 
choice of independent variables and their associated matrix of material coefficients. 

In the course of the foregoing discussion 8 thermodynamic potentials were intro- 
duced (see Table 4.1). For the characterization of material properties, therefore, 8 
matrices containing 55 independent coefficients apiece are available. Each matrix 
by itself, however, describes the material properties completely (as far as the lin- 
ear approximation goes). Therefore, it 1s possible in principle to calculate all other 
material coefficients from the elements of one such matrix. 

Before working out how to accomplish this it is instructive to visualize in graph- 
ical form some of the interrelations provided by different material coefficients. 
This diagram, originally drawn up by Heckmann (1925), and widely quoted in the 
meantime (e.g. Cady 1964, p. 40; Nye 1972, p. 171) 1s reproduced in Fig. 4.1. The 
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Fig. 4.1 Heckmann's diagram 
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corners of the outer triangle represent the intensive variables. Extensive variables 
are placed at the corners of the inner triangle. The arrows shown in the triangle are 
pointing from the independent to the dependent variable. The material coefficient 
placed next to an arrow, correspondingly, is to be understood as a partial derivative 
of the variable pointed at by the arrow with respect to the variable pointed away 
from. 

With any definite selection of independent variables (and with them of a certain 
thermodynamic potential) the relations between independent and dependent vari- 
ables are always given by three principal effects and, in addition, by three direct 
and three converse coupling effects. This was pointed out in the comments on 
Eqs. (4.14), (4.15), and (4.16) and may be also deduced from this diagram. 

The short connecting lines between similarly positioned corners of inner and 
outer triangle represent the principal effects. The remaining lines stand for the cou- 
pling effects. The connections of thermal with elastic variables, of elastic with 
electric variables, and of thermal with electric variables are called thermoelastic, 
piezoelectric, and pyroelectric effects, respectively. 


4.5 Relations Between Different Material Coefficients 


Let us now look at the interrelations holding between the material coefficients listed 
in Table 4.2. In the context of coupling effects it has already been shown that the 
direct and the converse piezoelectric effects are described by identical material 
coefficients. This follows immediately from their definition as second derivatives 
of the associated thermodynamic potential, recognizing the fact that the order of 
differentiations may be reversed. Direct and converse effects are described by rela- 
tions between different pairs of variables. The equality of the coefficients governing 
the direct and the converse effects reduces the number of independent material 
coefficients for each selection of the triple of independent variables. It does not, 
however, represent a relation between material coefficients derived from different 
thermodynamic potentials. 

A different situation arises with the principal effects. An inverse effect exists 
for each of them. As an example let us consider the relation between electric flux 
density and electric field strength written in coordinate notation 


D; — ei Ek š (4.30) 


ejy are the coordinates of the permittivity tensor. In order to define the effect and 
the material coefficients uniquely, elastic and thermal conditions must be speci- 
fied. Either temperature, or entropy as well as either strain or stress are to be held 
constant. So, in the general relation (4.30) four different permittivities may appear, 


namely a p a and p where the different superscripts denote the state 
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variables held constant. They determine the dependence of D on E under four dif- 
fering conditions. It will be shown later that isothermal and adiabatic permittivities 
are actually different only for pyroelectric crystals. 

If, maintaining unchanged thermal and mechanical constraints, the system of 
Eqs. (4.30) is solved for E; the inverse dependence is obtained 


Ex = PixD; . (4.31) 


The quantities 5j; are also dielectric material coefficients. Their dimension is 
obviously reciprocal to the dimension of the permittivity. They are also the coor- 
dinates of a symmetric second rank tensor for which several names have been 
in use. Following Thurston (1974) we call it impermittivity. (Alternatively, the 
names "dielectric impermeability" (Cady 1964, p. 163), "dielectric permeability" 
(Grindlay 1970, p. 56), *vetivity", derived from the latin word “vetare” as the oppo- 
site to the latin "permittere" (Voigt 1910, p. 441) have been proposed.) The effect 
described by Eq. (4.31) is the inverse effect to Eq. (4.30). It is obvious that E and D 
have exchanged their roles as independent and dependent variables and, therefore, 
ej; and Bj; are material coefficients derived from different thermodynamic potentials. 

The relation connecting permittivities and impermittivities is found by inserting 
(4.31) into (4.30) with the result 


BUDE os (4.32) 


where ej; and Dj; are to be defined under the same thermal and mechanical 
constraints. Equation (4.32) actually stands for four equations: 


c RT MEG ET EV ETE EC 

In Table 4.3 this fact is expressed by the symbols A and *. 

In Chap. 3 the corresponding relation between elastic stiffnesses c;,, and com- 
pliances sy, determining also inverse effects was derived yielding (3.55’). This 
relation has to be specified in similar manner by stating the pertinent constraints. 
It must be clarified if these are to be interpreted as isothermal (© = const) or adia- 
batic (o = const) and as electrically free (E = const) or clamped (D = const). These 
distinctions are indicated by the symbols A and + in Table 4.3. 

The relation between the material coefficients for the mutually inverse thermal 
principal effects is particularly simple. The scalar dependence of AO on Ao is 
described by the reciprocal expression of the term appearing in (4.17). Mechanical 
and electric constraints must be included as in the previous cases. 

Next, let us establish the procedure to obtain relations between material coeffi- 
cients derived from different thermodynamic potentials. As an example we take the 
coefficients related to the Gibbs function G and to the Helmholtz free energy F. The 
constitutive equations associated with G have already been stated but are repeated 
here for ease of reference. 
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Table 4.3 Interrelations between second order material coefficients 
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po T E / 
Ao = à AO tp; Erw A (4.27') 
D; =p AO + ej Ej + d Ty, (4.28) 
S, =af AO + dREj + su, Tp (4.29') 


The constitutive equations derived from F read as follows 


pc? 
Aa = —— AO + a Dp + 0) Sy, (4.33) 
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E; = =$ A0 + B9? p, — hS (4.34) 
J — J ik k jv 9v» . 
D © ©,D 


We now replace E; by Eq. (4.34) and T;, by Eqs. (4.35) in (4.27’), (4.28), and 
(4.29’) and after rearranging the right hand sides we obtain 





E 
pc” @,S 
Ao = ( = -pl r’ — si) AC + (pj B — ane, ) Dk 





(4.36) 
+ (=p hy + ¿a j Sy 

ne (fat ait) 90 (AA) y 

+ (29 he + dco?) Sy a 

S = (0% odi — na Tu) AO + (ARER = Sha ha) Pe ass 

+ (—aRne -- oo) S5 D, 
Comparing (4.38) with (4.33) we obtain the relations 

o = n cpm s re (4.39) 

Te =p By” — OM (4.40) 

Ty = =P; iy FOC jen > (4.41) 


Furthermore, since we are dealing with the independent variables ©, D; and S, in 
Eqs. (4.37) and (4.38) the coefficients of AO and S, must vanish and the coefficient 
of Dj, must vanish for all k except k = i in Eq. (4.37). This yields the relations 


pi = m? — dire =0, (4.42) 
ej B — dilo, = Sik: (4.43) 
— 62 hS + doce? = 0. (4.44) 


By a similar argument for the coefficients in Eq. (4.38) the following relations 
are obtained 


af — dan’ — su vb = 0, (4.45) 
© 29S O,E,0 

do Bi — sy hp, — 0, (4.46) 

— d ho + suy CD = Sh (4.47) 
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Equations (4.39), (4.40), (4.41), (4.42), (4.43), (4.44), (4.45), (4.46), and (4.47) 
allow to calculate all material coefficients related to the Helmholtz free energy from 
coefficients derived from the Gibbs function and vice versa. In the example worked 
out above the two thermodynamic potentials differ in two of the independent vari- 
ables. The same procedure may, in principle, be followed if in the transition from 
one potential to the other only one variable is exchanged. 

Equations obtained in this way are summarized in Table 4.3. They are arranged 
in three groups. The first group, given in the top line, contains the aforementioned 
relations (3.55) and (4.32) between the coefficients describing the principal effects. 
The trivial relation for the thermal constants is omitted. 

The second group of equations express in principle combinations of two effects 
in the following sense: Consider the arrow Ty, — D; in Fig. 4.1. It represents the 
direct piezoelectric effect described by diu. In the diagram two other paths leading 
from T, to D; are possible, namely T,, — E; — Dj and T, — S, — Di. Both of 
these paths combine two effects, specifically the direct piezoelectric effect (—g;u) 
and electric polarization (¢j,) in the first case and elastic deformation (s),,) and 
direct piezoelectric effect (ej, ) in the second with the respective material coefficients 
given in parentheses. This particular result is found in the fourth line of Table 4.3. 

The other relations of this group may be interpreted in a similar way. 

The third group consists of relations between coefficients of the same type but 
determined under differing constraint. 
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Chapter 5 
Piezoelectric Properties 


Piezoelectric effect is of fundamental importance for the piezoelectric measure- 
ments technology. General thermodynamic theory of a piezoelectric effect will be 
described more in details in this paragraph. Temperature O or entropy o is held con- 
stant in the diagram according to Fig. 4.1. Hence the diagram is reduced just to the 
relationship between mechanical quantities T, or S,, (stress or strain) and electrical 
quantities Ez or Dx (electric field or electric displacement). No special superscript 
for isothermal or adiabatic option is further used in linear piezoelectric equations of 
state. Omitting abovementioned thermal quantities, the system of 24 equations of 
state in Table 4.1 is reduced just to 8 equations — see Fig. 5.1 and Eqs. (5.1), (5.2), 
(5.3), (5.4), (5.5), (5.6), (5.7), and (5.8). 


Dj = £ikEk + diuTu (5.1) 
Sa = dj, Ex + Siu, (5.2) 
Ex = BikDi — 8kuT y (5.3) 
Š, = gi Di + sin Tu (5.4) 
Dj = £ikEk + einsa (5.5) 
Tu = —€xuEk + Causa (5.6) 
Ex = PikDi — hi S, (5.7) 
Tu = —hiyDi + Cruda (5.8) 


Equations of state (5.1), (5.3), (5.5) and (5.7), belong to the description of direct 
piezoelectric effect. Equations (5.2), (5.4), (5.6) and (5.8) are due to the converse 
effect, on the contrary. Piezoelectric effect could be described by four different 
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Fig. 5.1 Linear 
electromechanical 
equation of state 





material coefficients according to the choice of independent variables. Such choice 
is governed by the experimental conditions, e.g. by electrical variables Ej or Dy 
given by shortened or open circuit conditions. Relations between variables are rep- 
resented by the arrows in Fig. 5.1. Piezoelectric material coefficients belong to the 
relation between mechanical and electrical quantities. Arrow always begins at the 
independent variable and ends at the dependent one. Arrows pointing from mechan- 
ical to electrical quantity represent direct piezoelectric effect; arrows pointing from 
electrical to mechanical quantity belong to the converse piezoelectric effect. 

Independent variables Ez and T, belong to the free mechanical and electrical 
conditions. Piezoelectric effect is characterized by the coefficient d;, in this case. 
Such situation is especially important for piezoelectric measurements technology. It 
is more or less fulfilled or at least assumed as fulfilled. Direct piezoelectric effect 1s 
described by 


D; = din Ty (5.9) 


under the assumption of constant electric field. Experimentally, the electrically free 
conditions (E, = const.) could be realized by shorting the electrodes where the 
piezoelectrically generated charges are collected. This could be done by the con- 
ductive wire or by putting the whole element in conductive medium. Piezoelectric 
charges could move from one electrode to the other, polarization is compensated 
and electric field remains equal to zero. 

Realization of mechanically well-defined state is not easy. Sample is always kept 
in some holder (e.g. between metallic jaws) in order to reach uniaxial homoge- 
neous stress. Metallic jaws are deformed along with the sample. Normally isotropic 
metal is in contact with anisotropic piezoelectric material. Uniaxially acting force 
on metallic jaws results in shear components of the mechanical stress at the interface 
between metal and piezoelectric material due to the anisotropy of it. Stress compo- 
nents system therefore include more components in the piezoelectric sample (stress 
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is not exactly uniaxial), which results in involvement of more piezoelectric coeffi- 
cients in Eq. (5.9). Under the assumption of constant stress (even if in complicated 
multiaxial stress system), the piezoelectric element could be treated as mechanically 
free with respect to the electromechanical energy conversion. Piezoelectric coeffi- 
cient as the proportionality factor between S,, and Ej could be measured under such 
conditions by using converse piezoelectric effect. Using the appropriate mechanical 
clamping of the piezoelectric element, no mechanical stress would be applied to the 
sample in some cases. Such situation is typically used in resonant measurements by 
holding piezoelectric element in nodes of vibration. 

Second pair of equations of state (i.e. independent variables D; and Tj) is 
valid in case of mechanically free, but electrically clamped piezoelectric element. 
Piezoelectric effect is described by the piezoelectric coefficient g;,,. Coefficients 
could be measured as a proportionality factor between electric field E, and 
mechanical stress T, under the condition of constant electric displacement in the 
sample. Free charges in the element’s neighborhood must not move. Generally, 
this constraint might be realized in the non-conductive environment without any 
free charges (or conductors) for the non-conductive sample without electrodes. 
Piezoelectrically generated charges contribute by the depoling electric field and 
the electric displacement Dg in piezoelectric element remains zero. Another sit- 
uation occur e.g. in quartz X-plate under the mechanical stress T1, where the 
electrodes are isolated each other. Piezoelectric element under such conditions is 
called “open”. Corresponding piezoelectric coefficient g;,, could be measured using 
converse piezoelectric effect from the dependence of elastic strain S,, on the electric 
displacement D;, caused by the free charges on element's electrodes. 

Third pair of equations of state (independent variables Ej and S,,) is valid for 
the description of mechanically clamped, but electrically free piezoelectric element. 
Corresponding piezoelectric coefficients are piezoelectric moduli e;,,. The practi- 
cal realization of electrically free element has been already explained (1.e. shortened 
electrodes of the sample). Piezoelectric moduli might be obtained by using converse 
piezoelectric effect. Mechanical stress T, is measured as a function of electric field 
Ex under constant mechanical strain. Under such conditions, any mechanical strain 
must be suppressed by the infinitely stiff neighborhood. Another possibility for the 
measurement of e;,, moduli is direct piezoelectric effect. Electric displacement D; is 
measured as a function of the mechanical strain under the electrically free condition 
(1.e. electrodes on the sample are shortened). Applied mechanical strain could be 
practically measured e.g. by the time-of-flight technique for ultrasound wave prop- 
agated through the element. Proportionality coefficient between piezoelectric signal 
and mechanical strain is directly related to the piezoelectric moduli e;,,, because of 
shortened electrodes (constant electric field), Graham (1972, 19774). 

The fourth and last pair of equations of state (independent variables Dj 
and 5,) corresponds to the combination of mechanically as well as electrically 
clamped piezoelectric element. Piezoelectric effect is described by the piezoelectric 
coefficient hj,,. 
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5.1 Four Possibilities of Piezoelectric Effect 


Every piezoelectric coefficient d;, in Eq. (5.9) corresponds to the certain rela- 
tionship between specific mechanical stress component T, and to the specific 
component of electric displacement Dj. Four different cases of piezoelectric 
effect could be distinguished according to the direction of electric displace- 
ment and component of mechanical stress. Situation is schematically displayed in 
Fig. 5.2 

Coefficients d¡1,d22 and d33 describe the longitudinal piezoelectric effect (see 
symbol L in Table 5.1). The normal mechanical stress component causes piezoelec- 
tric polarization parallel to it in such case. Second possibility is the piezoelectric 
polarization perpendicular to the applied normal mechanical stress. Such piezo- 
electric effect is so called transversal effect (see symbol T in Table 5.1) and it is 
characterized by one of the coefficients dio, d13, d21, d23, d31 or d32. Application of 
shear mechanical stress might result in the piezoelectric polarization perpendicular 
to the plane of applied shear. Such shear piezoelectric effect is called longitudinal 
shear (see symbol S in Table 5.1) and it is characterized by one of the piezo- 
electric coefficients dia, dos or dag. Second possibility of shear piezoelectric effect 
is the piezoelectric polarization parallel to the plane of the applied shear stress. 
Such effect is called transversal shear (see symbol ST in Table 5.1 and in Fig. 5.2). 
This effect is related to one of the piezoelectric coefficients dis, d16, doa, doo, d34 
Or d35. 


H Bp. 


elda T (d) S, (dag) Sy (dog) 


Fig. 5.2. Examples for the four possible orientations of the mechanical stress and piezoelectric 
polarization vector. Positive values of all piezoelectric coefficients are assumed for the diagrams 


Table 5.1 Four possibilities of piezoelectric effect — longitudinal, transversal, longitudinal shear 
and transversal shear 


Tı Tə T3 T4 Ts Tg 
Dj dii d12 d13 di4 dis di6 

L T T SL ST ST 
D» d? d2 dos do4 dos dos 

T L T ST SL ST 
D3 d31 d32 d33 d34 d35 d36 


5.2 Crystallographic Symmetry Restrictions to Piezoelectricity 73 
5.2 Crystallographic Symmetry Restrictions to Piezoelectricity 


Generally, the piezoelectric effect could exist just in non-centrosymmetrical crystal- 
lographic symmetry classes. Mechanical stress/strain as a second-rank symmetrical 
tensors are basically centrosymmetrical external fields. If the materials crystallo- 
graphic symmetry include centre of symmetry operation, the resulting symmetry of 
material subjected to such field is also centrosymmetrical (see Neuman's Law in 
Nye (1985)). Therefore, piezoelectric effect is excluded. Centrosymmetrical crystal 
stays centrosymmetrical even after the application of the mechanical stress and no 
polar direction for the polarization vector might exist in such structure. 

Among the 32 crystallographic classes in Table 2.1 only 21 of them are non-cen- 
trosymmetrical. Moreover in cubic non-centrosymmetrical class 432, the piezoelec- 
tric coefficients are all equal zero because of symmetry. Totally, 20 *piezoelectric" 
crystallographic classes might exhibit non-zero piezoelectric coefficients. 

All non-centrosymmetrical classes could be further divided into two groups. The 
first group include 10 crystallographic classes having singular polar axis, namely 
classes 1, 2, 3, 4, 6, m, mm2, 3m, 4mm and 6mm. Crystals belonging to one of 
these symmetry classes are called polar crystals. One of the first known exam- 
ples for such crystal is Tourmaline (symmetry class 3m). Polar crystals exhibit also 
pyroelectricity (see paragraph 5.4). Second group of non-centrosymmetrical classes 
include 11 classes 222, 4, 422, 42m, 32, 6, 622, 62m, 23, 43m and 432. There 
are also polar symmetry axes in such symmetry classes, but they are not singular. 
Combinations of several crystallographically equivalent vectors directed along polar 
axes result in its zero sum. Materials belonging to such crystallographic classes are 
called polar-neutral crystals. Typical example of this material is a-quartz crystal 
with three equivalent polar directions along 2-fold symmetry axes. 

In polar crystals, the piezoelectric polarization generated as a result of mechan- 
ical stress application will contribute to the spontaneous polarization existing 
previously. In polar-neutral crystals, the polar directions are mutually “compen- 
sated”. As a result of mechanical stress application, singular polar direction appears 
in such crystals. Piezoelectric polarization is generated in that direction and crystal 
is piezoelectrically polarized. The only exception among the polar-neutral classes 
is cubic 432 class, where all piezoelectric coefficients are identically equal zero 
because of symmetry (Zheludev 1975). 

Crystallographic symmetry results in some constraints to the tensor components 
of any material property of the crystal. Tensor components transformation, corre- 
sponding to any symmetry element, must not result in any change of the material 
property tensor. Piezoelectric effect is described by third-rank tensor. According to 
the general transformation rule (see Eq. (2.39)) applied to piezoelectric tensor 


the transformed tensor components d are generally linear combinations of the 


original components dmnp. Transformation matrix aj; corresponds to the symmetry 
element. Usually, three typical situations appear in transformation of Eq. (5.10). In 
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some cases, the piezoelectric coefficient is invariant with respect to the transfor- 
mation (i.e. di = dijk). Such tensor component is not subjected to any constraint 
and therefore it is independent and non-zero. Second case is the situation of sign 
change as a result of transformation (i.e. di = —d;jk). Such constraint necessar- 
ily results in zero value for such component (see e.g. component d111 in symmetry 
class 4mm in Appendix). Third and the most complicated case is the linear combi- 
nation of the original tensor components appearing after the transformation. Such 
constraint further reduces number of independent tensor components (see e.g. com- 
ponent do1; = —d222 in symmetry class 32 in Appendix), but do not result in 
zero value of some component. General forms of the tensor components for elas- 
tic, piezoelectric and dielectric properties are listed comprehensively in Appendix 
for all crystallographic classes. Similar tables could be found e.g. in Nye (1985). 

The independent component’s structure of the piezoelectric coefficient is more 
clearly seen in matrix than in tensor notation. Symmetry of the piezoelectric 
tensor reflects symmetry of mechanical stress/strain (they are second-rank symmet- 
rical tensors). Piezoelectric coefficient 1s therefore third-rank tensor symmetrical 
with respect to the permutation of two indexes. Piezoelectric coefficients satisfy 
following relations between tensor dijk and matrix dj,, coefficients 


di11 d122 d133 2d 123 2d113 2d112 dii di» di3 dia dis di6 
d211 d222 d233 2d223 2d213 2d212 | = | d>sií d22 do3 das dos doe (5.11) 
d311 d322 d333 2d323 2d313 2d312 d31 d32 d33 d34 das dag 


The same rule is valid also for piezoelectric gj and gj, coefficients. On the 
contrary, the relationship between tensor and matrix notation for piezoelectric 
coefficient e;,, (and the same is valid also for Aiu) 


€111 €122 €133 €123 €113 €112 e11 €12 €13 €14 €15 €16 
€211 €222 €233 €223 €213 €212 | = | €21 e22 €23 €24 €25 e26 (5.12) 
€311 €322 €333 €323 €313 €312 €3] €32 €33 €34 €35 €36 


does not include any numerical factors. Eqs. (5.11) and (5.12) reflect the definitions 
of the component for mechanical stress/strain tensor (see Chap. 3). 


5.3 Transformation of Piezoelectric Coefficients 


In some applications (for example for the quartz piezoelectric resonators), it is nec- 
essary to find out the piezoelectric coefficient in some direction rotated with respect 
to the crystallographic axes. Eq. (5.10) could be used for the transformation of 
the piezoelectric d;,, coefficient. Similar transformation rule is valid also for the 
piezoelectric moduli e;,, 


/ 
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Practical application of matrix notation in the component transformation could 
be found in tables (Hearmon 1957; Petrzilka et al. 1960, p. 99). Transformation 
matrix is substantially simplified in case of the rotation around crystallographic axis. 
It results therefore also in simpler transformation of the piezoelectric coefficients. 
As an example, the transformation of the piezoelectric coefficients d;,, and ej, for 
a-quartz crystal 


Presb 

Qs =e11 cos? £ + 2e14 sin £ cos Ë, 

€13 = —€11 sin? £ — 2e14 sin £ cos £, 

£14 = eti n o era(cos” JN sin? E), 
e15 = €16 = €), = 622 = és = €3, = Ü, 


ehs = ell SİNE cos E — ela cos? Ë, a 
es = —€11 cos? £ — e14 sin E cos, 

€31 = C3 = €33 = €34 = 0, 

€35 = —€11 sin? £ + ela sin £ cos£, 

£56 = ej! Sin Š cosé + e14 sin? E, 

di, = di, 

d ==011 cos? £ + dja sin £ cos £, 

dis = —disin2 £ — dia sin £ cos ë, 

di4 = 2d); sin cos ë + di4(cos? £ — sin? E), 

dis — dis ss d m dy — d, — dy = 0, (5.15) 


dj; = 2d); sing cos £ — di4 cos? E, 
q 211 cos? £ — djasiné cos £, 
di = dy = di, s di, = 0, 

di; = —2d11 sin? £ + dia sin £ cos Ë, 
dzs = 2d11 sin š cos £ + di4 sin? £, 


is listed for the rotation around the crystallographic X-axis by an angle £. Elements 
of the rotation matrix are aj; = 1, a?» = a33 = cosé, a23 = —a32 = sin and 
412 = 413 = 431 = a32 = 0. 


5.4 Pyroelectric Effect 


Crystals of the 10 polar crystallographic classes exhibit singular polar direction. 
Spontaneous polarization might exist in such materials as already mentioned in 
previous paragraph. Application of the mechanical stress changes the total polar- 
ization vector due to the piezoelectric effect. The spontaneous polarization is also 
temperature dependent. Change of the spontaneous polarization generated by the 
temperature increase or decrease is called pyroelectric effect (“pyro” is a fire in 
Greek language). The converse effect, i.e. the change of the temperature generated 
by the external electric field, 1s called electrocaloric effect. While both effects are 
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unseparable (similarly to the direct and converse piezoelectric effect) and mate- 
rial constants describing both effects are equal, both effects are usually called by 
common name pyroelectric. 

Every pyroelectric material is necessarily also piezoelectric. On the contrary, 
there are materials from polar-neutral symmetry classes, where no pyroelectricity 
is allowed by the symmetry. a-Quartz (symmetry class 32) is a good example of it. 

The thermodynamics of the pyroelectric effect has been already described in 
Table 4.1 in general. We try to explain this phenomenon more in details in following 
text. Let us choose the independent variables — temperature ©, electric field Ez and 
mechanical stress T„. Boundary conditions of the mechanically free sample with 
shortened electrodes are assumed for constant electric field and mechanical stress. 
The equations of state for the electric displacement reduce to 


Di = p; AO, (5.16) 


where 





OD; 
pi = (5.17) 
00 E,T 


is the pyroelectric coefficient at constant electric field and mechanical stress. This 
effect is schematically illustrated in Fig. 5.3 by the full arrow O > Dj. 

Similar relationship between electric displacement D; and the temperature 
change AO could be derived through the “detour” demonstrated by the dashed 
arrows © — S, and S, — Dij in Fig. 5.3. The temperature change results in 
mechanical strain S, due to the thermal expansion. Mechanical strain is further 
related to the electric displacement D; because of piezoelectric effect. For the inde- 
pendent variables AO and S,, at constant electric field Ez, we can get the electric 
displacement 


Dj = p? ^0 + e? S. (5.18) 


Fig. 5.3 Primary and 
secondary pyroelectric effect 
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similarly, the mechanical strain at constant electric field is 
S, =af AO + s; Ty. (5.19) 
Combination of Eqs. (5.18) and (5.19) tend to the equation 
Dj = (pj Fa 2 JAG + eps, Ty. (5.20) 
If the mechanical stress is held constant, Eq. (5.20) reduces to 
Dj = (p? + afes)A®. (52h 


Electric displacement D; in both Eqs. (5.16) and (5.21) 1s expressed as a func- 
tion of the temperature change at the same conditions (i.e. at constant mechanical 
stress and electric field). It results in the following relationship between pyroelectric 
coefficients 

pl =p) + aX en. (5.22) 

Therefore the pyroelectric coefficient at constant mechanical stress (^) is equal to 
the sum of two terms. First term in Eq. (5.22) represents the pyroelectric coefficient 
at constant strain (?) — so called primary pyroelectric effect. Pyroelectric coeffi- 
cient p? describes the electric displacement as a function of the temperature change 
for the sample with compensated thermal expansion. Corresponding pyroelectric 


coefficient 
0D; 
p= (5.23) 
JO ES 


is generally different from the pyroelectric coefficient p at constant stress. 
Microscopic origin of this phenomenon is the crystal lattice reconstruction as a 
result of the temperature change, but without the crystal deformation. Such effect 
might reach especially high values at the phase transitions not related with piezo- 
electricity. However, the primary pyroelectric effect at the room temperature is 
normally small in linear pyroelectric materials (e.g. in Tourmaline or in Lithium 
Sulphate). Primary effect amounts just 2—5% of the total pyroelectric effect, under 
such conditions. Second term at e? in Eq. (5.22) represents the piezoelectric effect 
contribution to the total pyroelectric effect. It is illustrated by the dashed arrows 
in Fig. 5.3 © > S, — Dj. This effect is called secondary pyroelectric effect or 
pseudo pyroelectric effect or false pyroelectric effect of the first kind. Spontaneous 
polarization shows changes due to this effect even if no structural changes in crystal 
take place. Temperature changes in lattice constant are connected with the changes 
of elementary dipole moments and therefore result in the polarization. 

Total pyroelectric effect for linear dielectrics at the room temperature is just 
slightly temperature dependent. Pyroelectric coefficient decreases with decreasing 
temperature and reaches very small value close to the 0 K temperature. In certain 
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Fig. 5.4 Temperature 
dependence of the 
pyroelectric coefficient 
p2 for Lithium Sulphate 
(Zheludev 1975) 





crystals (e.g. in Lithium Sulphate or in Barium Nitrite) the pyroelectric coefficient 
changes even its sign at low temperatures (see Fig. 5.4). 

Primary as well as secondary pyroelectric effects are not allowed in polar-neutral 
crystals due to the symmetry. We can demonstrate this situation on secondary pyro- 
electric effects for a-quartz, where the thermal expansion as well as piezoelectric 
tensor is non-zero. Using the form of material tensors for thermal expansion and 
piezoelectricity for symmetry class 32 we can get 


T. E. EJ _ 

Py = oren ae = 0 

peso (5.24) 
p =0 


Pyroelectric effect might appear also as a result of non-homogeneous tem- 
perature distribution in the sample (i.e. temperature gradient) due to the internal 
thermal stresses. This phenomenon is called terciary pyroelectric effect or the false 
pyroelectric effect of the second kind. 

Applications of the pyroelectric effect include mostly the pyroelectric (infra-red) 
detectors for sensing and visualization. Remote controllers for audio/video equip- 
ment, proximity sensors, automatic door opening sensors and equipment for military 
night vision and thermal camera for monitoring of the temperature fields belong 
to the widely used equipment. Among the materials studied, the most important 
are Triglycine Sulphate (TGS) doped by L-alanine, Pb5Ge3011, LiTaOs and other 
single-crystalline and ceramic materials. 


5.5 Hydrostatic Piezoelectric Coefficient 
Singular polar direction (i.e. in pyroelectric materials) in the crystal is accompa- 


nied by the existence of special kind of piezoelectric effects. Such crystals could be 
piezoelectrically polarized by the application of hydrostatic pressure. Hydrostatic 
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pressure is represented by the longitudinal mechanical stresses equal in all three 
directions T; = T> = 73 = —p without any shear stress component. Hydrostatic 
pressure tensor is isotropic, i.e. the hydrostatic pressure is the same in all directions. 

Under the assumption of constant temperature and electric field, the equations of 
state Eq. (4.28) reduce to 


D, = —(d11 + dio + d13)p 
D» = —(d»| + do» + d23)p (5.25) 
D3 = —(d31 + d32 + d33)p 


Generally, there are three different hydrostatic piezoelectric coefficients dp 
(equal to the sum in brackets in Eq. (5.25)). Hydrostatic coefficients could be 
easily calculated from the matrix of piezoelectric coefficients. In Tourmaline (sym- 
metry class 3m) only one hydrostatic piezoelectric coefficient exhibit non-zero 
value 


dj, = d33 + 2d31 = 2.43pC/N (5.26) 


Hydrostatic piezoelectric effect is applied in the sensors for the dynamic 
hydrostatic pressure measurement and for the ultrasound radiation and sensing in 
underwater sonars. 


5.6 Ferroelectricity 


Some pyroelectric materials exhibit special physical properties — so called ferroelec- 
tric properties — and build a special subgroup of pyroelectric materials, so called 
ferroelectrics. The spontaneous polarization could be switched (reversed or rotated) 
from its stable orientation to the other orientation for such materials. Ferroelectric 
crystal could be also treated as pyroelectric crystals with switchable polarization, in 
that sense. 

Pyroelectric properties are necessary, but not sufficient conditions for the ferro- 
electricity. Substantial crystal lattice reconstruction is necessary for the spontaneous 
polarization direction change in pyroelectric, but not ferroelectric crystal. Such 
lattice reconstruction could be realized only by overcoming the high energy 
barier between stable atomic positions, which is rather unprobable. In the fer- 
roelectric crystal, on the contrary, the polarization direction change is realized 
through the very small lattice distortion and therefore it is not so energetically 
demanding. 

The discovery of ferroelectricity is ascribed to Joseph Valasek (Valasek 1920, 
1921, 1922, 1924, 1971), who studied anomalies of Rochelle Salt (KNaC4H40g; 
Seignettesalz in German language). The name “ferroelectricity” comes from the for- 
mal analogy between ferroelectric and ferromagnetic properties; especially between 
the hysteresis curves for both phenomena. Such analogy is however not valid for 
the related atomic-scale phenomena, which are the microstructural origin of the 
spontaneous polarization. 
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Fig. 5.5 Number of the 
scientific papers published 
per year in the field of 
ferroelectricity and 
antiferroelectricity. 

Mitsui et al. (1975) 
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Ferroelectric properties were known for very few crystals (more or less like 
something very unusual) for relatively long time. Busch and Scherrer in Zürich 
discovered the ferroelectricity in Potassium Dihydrogen Phosphate (KH2PO4) 
and related compounds in mid 1930s (Busch 1938; Busch and Scherrer 1935). 
Independent research groups (e.g. Wainer and Solomon in USA, Ogawa in Japan, 
Wul and Goldman in the Soviet Union) discovered the ferroelectric properties 
in Barium Titanate (BaTiO3) during World War II. This material stimulated 
substantially further research in this field of dielectric materials. In 1950s, the 
antiferroelectric materials were discovered with many of properties similar to the 
ferroelectrics, but also with other properties very much different from them. At this 
time, several thousands of ferroelectric compounds have been reported. However, 
very few of them found some practical application in some of the fields of research 
or technology (Fig. 5.5). 


5.6.1 Special Properties of Ferroelectrics 


Reorientation of the spontaneous polarization is connected with the presence of so 
called domain structure. Domain is the space region with all elementary dipoles 
aligned in certain common direction. Dipole moment orientation might point gen- 
erally in several different directions, which are energetically equivalent. Specific 
polarization directions for given material are governed by the symmetry of both fer- 
roelectric and paraelectric phase (ferroelectric species). Situation is an analogy to 
the Weiss magnetic domains in ferromagnetic materials. The reason for the domain 
structure presence is the minimization of free energy of the whole crystal due to the 
reduction in the electric field energy. On the contrary, the crystal decomposition into 
domains could not proceed to the infinitely small domains because of the domain 
walls (1.e. the interfaces between domains) energy. Equilibrium domain structure is 
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Fig. 5.6 Ferroelectric 
hysteresis loop. Ps is 
spontaneous polarization, 
P, is remanent polarization 
and E; is the coercive field 





a result of minimization of the sum of electric field and domain wall energy. Crystals 
with electrically shortened outer surfaces could be theoretically expected in single 
domain form. Due to the defects in real crystals, the domains could appear also in 
such crystals. 

The ferroelectric domain structure in the crystal is a reason of the non-linear 
behavior of the polarization as a function of an electric field. Dielectric hysteresis 
appears in the alternating electric fields. The dielectric hysteresis loop is one of 
the most important features of ferroelectric materials (Fig. 5.6). Hysteresis loop 
or domain structure observation could serve as a proof of ferroelectricity in the 
material. Due to the presence of domain wall structure, the remanent polarization 
P, is always smaller than the spontaneous polarization Ps. 

The spontaneous polarization of the material exists only in the certain temper- 
ature range. The structural change characterized by the existence of spontaneous 
polarization is a phase transition occurring at so called Curie temperature Tc. High- 
temperature (also called parent) phase is called paraelectric and low-temperature 
phase is called ferroelectric. Spontaneous electric dipole moments exist only in the 
ferroelectric phase, but both phases — paraelectric as well as ferroelectric — might 
exhibit piezoelectric properties. Most of the ferroelectric materials have only one 
Curie temperature, only very few crystals undergo the phase transition between fer- 
roelectric and paraelectric phases at two different temperatures (e.g. Rochelle Salt at 
—18°C and at +24°C). The crystallographic symmetry for the ferroelectric phase is 
descended with respect to the paraelectric phase (group and subgroup relationship 
for ferroelectric species). Crystallographic symmetry of both phases is the funda- 
mental factor for the possible spontaneous polarization orientations as well as for 
the domain wall structure. 

Temperature range close to the phase transition temperature is the temperature 
region where some of the material properties exhibit anomalous behavior. Among 
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other properties, also the strong piezoelectric effect could be observed. Paraelectric 
phase transfers to the ferroelectric phase by rising up the spontaneous polariza- 
tion. Similarly, reverse transition from ferroelectric to paraelectric phase might take 
place. Phase transition will be treated in more details in one of the next paragraphs. 

When the temperature is lowered in the paraelectric phase close to the phase tran- 
sition temperature, significant temperature dependence of permittivity is observed. 
Omitting tensorial coefficients of permittivity, such temperature dependence could 
be described by the Curie-Weiss law 


e 


Immediately below the phase transition temperature in the ferroelectric phase, 
similar approximation holds 


/ 


where C and ©, (or C' and Op) are paraelectric (or ferroelectric) Curie-Weiss 
constant and Curie-Weiss temperature. 

For so called first-kind ferroelectric phase transition, temperatures O, and ©% 
are generally different from the Curie temperature Oc (see Sect. 5.6.2). Curie tem- 
perature could be moreover split to two different values depending on the direction 
of para- to ferroelecric or ferro- to paraelectric phase transition — 1.e. temperature 
hysteresis might exist for the phase transition point. On the contrary, temperatures 
©, and Oy are equal to the Curie temperature Oc for so called second-kind fer- 
roelectric phase transition. Electron polarization contributions &(oo) in Eqs. (5.27) 
or (5.28) used to be frequently omitted and therefore the Curie-Weiss law could be 
found in simplified form £ = o5; (or x = S for the dielectric susceptibility 
x ) in the literature. 


5.6.2 Thermodynamic Theory 


The fundamental problem of the theory of ferroelectricity is the origin of struc- 
tural phase transition, when the spontaneous polarization appears or disappears. 
At first, we will describe such phase transition from the thermodynamic point of 
view. Phenomenological ferroelectricity theory is based on the works of Landau 
and Lifshitz (1974) and Devonshire (1949, 1951). Starting point of the theory is the 
elastic Gibbs potential G, where we would select polarization P (except of electric 
displacement D) as an independent variable. Therefore the Gibbs potential is 


dG = —odO + ExdP; — S,dT,. (5.29) 
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While we are Interested preferably in the dielectric properties, the assumption of 
the stress-free crystal (i.e. T, = 0) is made in following derivations. 

No anomalies in the dielectric properties appear in the direction perpendicular 
to the spontaneous polarization in single-axial ferroelectric crystals (Rochelle Salt, 
TGS, KH5PO, and many others), where only one direction of spontaneous polar- 
ization exists. In such cases, we could describe the dielectric properties only in this 
direction, i.e. in one-dimensional coordinate system. We could therefore omit tensor 
indexes for the tensor components. 

In our model, the spontaneous polarization in ferroelectric phase could be 
oriented either parallel, or antiparallel to the polarization axis. Spontaneous polar- 
ization magnitude is therefore +Ps. While none of both spontaneous polarization 
directions is preferred, we expand G into even powers of P for the temperatures 
close to the temperature O, 


"M ] , 1 a 1 6 
G = Go + 5 82h + 194P + ceo +... (5.30) 


Gibbs potential expansion is valid for both phases — paraelectric as well as 
ferroelectric one. Go is the elastic Gibbs potential for zero polarization. 

Form of power expansion according to Eq. (5.30) 1s dependent on the number, 
signs and magnitude of the expansion coefficients. In many cases, the convergence 
of the expansion is so good, that already the coefficient gg need not be measured. 
Therefore we could limit our expansion to the first three expansion coefficients up 
to P®-term. 

Following relationship between the electric field E and polarization P comes 
from Eq. (5.30) 


0G 
E= > =8P+ g4P? + ggP?. (5.31) 
The first expansion coefficient g2 corresponds to the linear proportionality factor 
between polarization P and electric field E. Its interpretation is the reciprocal electric 
susceptibility 


JE | 0?G "T (5.32) 
= — = — RƏ— = (€ : . 
82 JP 3p2 OX 


The dielectric susceptibility is also temperature dependent. According to the 
Curie-Weiss law (Eq. (5.19)), the dielectric susceptibility is divergent at the tem- 
perature Oo when going through the phase transition point from the paraelectric to 
ferroelectric phase. Therefore, the expansion coefficient g2 must go through zero 
value at the same temperature Oy 


22 = y (© — Op). (3:39) 
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Expansion coefficient go is positive (1.e. g2 > 0) in the paraelectric phase. On the 
contrary, the temperature Oy is defined by the condition of g2 = 0. We will show in 
the next derivations, that the temperature Oy is either equal to the Curie temperature 
Oc (where the phase transition takes place), or smaller. 

Generally, also the other expansion coefficients g4 and gg are temperature depen- 
dent. Let us assume these two coefficients temperature independent in the close 
vicinity of phase transition. Coefficient gg must be positive (gg > 0) otherwise 
G > —oo for P > oo and the stable polarization state would exhibit infinite 
polarization. 

Equilibrium state in the absence of an electric field E = 0 is characterized by 


P(g2 + g4P? + ggP^) = 0. (5.34) 


One of the solutions — P = 0 — corresponds to the paraelectric phase. The state 
Pç = 0 is non-stable in the ferroelectric phase on the contrary. In this phase, the 
non-zero spontaneous polarization appears. 

If the term in brackets in Eq. (5.34) is equal to zero, the spontaneous polarization 


value follows 
> 784 BE y 8 — 42926 
PSS (5.35) 


š 286 


The stable ferroelectric state with Ps = 0 exists only in case when Ga Go at 
certain temperature. Minimum of the Gibbs potential is reached under the stable 


equilibrium conditions 
0G a°G 
— =0 and | — =00, (5.36) 
oP oP? 
Ps Ps 


We will investigate the conditions for the stable spontaneous polarization state 
for g4 > O or g4 < O in the following paragraph. For g4 > 0, the phase transition 
is called second-kind phase transition. The positive value for r is possible in Eq. 
(5.35) only when g2 < 0, i.e. for the temperatures © < Op. If the coefficient gg is 
small (it has qualitatively not important contribution to G potential with respect to 
the value of Ps in the vicinity of the temperature Op) it could be expressed 


_82 


P = 
x 84 


(5.37) 


In such case, the thermodynamic potential G has local maximum for P — 0 and 
two symmetrically located minima (Fig. 5.7) with the function value 


8 


(5.38) 
484 
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Fig. 5.7 G — Go as a 6 - 6, 
function of P at the phase 

transition. Displayed 

temperatures 

(9; < O5 < Op = Oc < 03 


Combination of Eqs. (5.33) and (5.37) results in 


P = (0, — 0). (5.39) 


84 


The spontaneous polarization is therefore dependent on square root of Oy — © 
and goes to zero at the temperature O9 (Fig. 5.8). In this case, the temperature 
Op is identical with the phase transition temperature Oc (i.e. Curie temperature). 
Spontaneous polarization appears and disappears at that temperature. Also the ther- 
modynamic potential G changes continuously at the phase transition point between 
paraelectric and ferroelectric phases. No “latent” heat is associated with the phase 


Fs 


Fig. 5.8 Temperature 
dependence of the 
spontaneous polarization 


Ps at the second-order phase (] 6,0 E) 


transition 
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transition. This phase transition is not accompanied by the jump-like changes in 
thermodynamic state variables and therefore both phases could not be distinguished. 
Such phase transitions are called the second-order phase transitions by Tisza (1951), 
or higher-order phase transitions by Ehrenfest (1933). Jump-like change of the spe- 
cific heat is another specific property of such phase transition. Specific heat change 
could be calculated from the specific heat defined by 


92G 


007: (5.40) 


The specific heat of the ferroelectric phase at the phase transition temperature Oy 
is equal to 


y? 
c = co + — Oo, (5.41) 
284 
where 
92Go 
co = —09—— 
0 0 392 


is the specific heat in paraelectric phase (P — 0) at the same temperature Oy (see 
combination of Eqs. (5.30), (5.33), and (5.40)). Specific heat therefore increases 
discontinuously in ferroelectric phase with respect to the paraelectric phase at the 
phase transition temperature. 

Finally, the specific behavior of the electric susceptibility will be shown. Slope 
(in absolute value) of the electric susceptibility in ferroelectric phase is just half of 
the slope in the paraelectric phase (Fig. 5.9). The reciprocal value of x’ 1 could be 


Fig. 5.9 Temperature 
dependence of the reciprocal 
dielectric permittivity of 
Triglycine Sulfate at the 
second-kind phase transition 
at Oc = Op = 49.92°C 
(Gonzalo 1966) 
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calculated from Eq. (5.31), using Eqs. (5.32), (5.33), and (5.39) and condition of 
go < O in ferroelectric phase 


ET oE _ 
X = £0 3P = 269y (09 — O). (5.42) 
Ps 


In paraelectric phase (g2 > 0, P = 0) it is 


X" | = soy (0 — Op) (5.43) 


and therefore 


XG9--AG0 = 2X Oy- A0. (5.44) 


Negative value of g4 « 0 corresponds to the first-kind phase transition, what will 
be shown further. Coefficient g2 is zero at the temperature Oo. The thermodynamic 
potential G has only two symmetrical minima at the temperatures © < Op. This 
situation describes the ferroelectric phase (Fig. 5.10). Above the temperature Oo, 
the third local minimum in the coordinate system origin (Ps = 0) appears. This 
minimum is related to the paraelectric phase, which is metastable as long as the 
temperature reaches the phase transition temperature Oc. 

All three local minima are equally probable at the Curie-Weiss temperature Oc. 
In that case, the ferroelectric as well as paraelectric phases reach equal values for 
the thermodynamic potential G = Go. Such condition results in the relationship 
between coefficients 


32% 
4 
£2 = 820€ = —— (5.45) 
1686 
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Fig. 5.10 Thermodynamic / \ 
potential G — Go as a ; \ 
function of P for the first-kind l Ñ O 
phase transition for the l 1 1 
temperatures ©; < Op < | i | 
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Fig. 5.11 Temperature E 
dependence of the 
spontaneous polarization 
Ps for the first-kind phase 
transition 
O; e 
or for the Curie-Weiss temperature 
2 
38% 
Oc = 09 + (5.46) 
16y g6 


if combined with Eq. (5.33). The spontaneous polarization at the same phase 
transition temperature Oc is calculated by 


NM 3 |g4| 
SC 496 





(5.47) 


Thermodynamic potential G has only one global minimum for P — 0 above 
the phase transition temperature Oc. This global minimum might be accompanied 
by two local minima, which corresponds to the metastable ferroelectric phase. The 
spontaneous polarization jumps to zero at the Curie temperature Oc from the value 
given in Eq. (5.47) (see Fig. 5.11). Crystal energy changes also discontinuously at 
this temperature, which must be accompanied by non-zero phase transition latent 
heat. Such phase transition is called the first-kind phase transition because of this 
latent heat. 

The dielectric susceptibility has finite value at the Curie temperature Oc in 
paraelectric phase with the discontinuity caused by the presence of spontaneous 
polarization in ferroelectric phase. Dielectric susceptibility is four-times larger in 
paraelectric phase than in the ferroelectric one (see Fig. 5.12) in the close vicinity 
of Oc temperature, as could be derived from Eqs. (5.31), (5.32), (5.45), and (5.47). 

Both local minima (they exist together with the global minimum for Ps = 0 also 
above Oc) disappear when 


2 
S 
g = 24 


- L£4 (5.48) 
426 


1.e. at the temperature 
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Fig. 5.12 Temperature 1 /Y 
dependence of the reciprocal 

dielectric susceptibility (x ^) 

for the first-kind phase 

transition 


84 


©* = Oo + . 
4y 86 


(5.49) 


Only one minimum exists for P = 0 for the temperatures above O*. 

Some of the physical quantities exhibit the temperature hysteresis in the vicin- 
ity of the phase transition of first-kind. Their values are different (at the same 
temperature) depending on whether the crystal is heated, or cooled. 

Typical ferroelectric crystals with the first-kind phase transition are e.g. BaTiOs 
and KNbO3. 

Sometimes, it is very difficult to distinguish between the first- or second-kind 
phase transitions. In the cases, when the jump in the spontaneous polarization at 
the Curie temperature is small, the experimental proof of that is not unambiguous. 
The measurements of higher derivatives of the thermodynamic potential might help 
in this specification — see the discussion on the different slope for the dielectric 
susceptibility in para- and ferroelectric phase in one of the previous paragraphs. 

External fields (1.e. electric field and mechanical stress) might change the phase 
transition temperature, or temperature behavior of physical quantities close to the 
phase transition temperature, as studied in e.g. Baumgartner (1951), Blinc and Zek& 
(1974), Mitsui et al. (1976). 

Anomalous slope of x or e in the vicinity of the phase transition is a rea- 
son for the anomalous behavior also for quantities d, e, cE sE (tensor indexes 
are omitted for simplicity) measured at constant electric field. It follows from 
the thermodynamic relations between the electromechanical coefficients shown 
in Table 4.3. On the contrary, no anomaly in the temperature dependencies for 
quantities g, A, cP, s? measured at constant electric displacement D (or constant 
polarization P) is observed. 
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5.6.3 Microphysical Model of Ferroelectricity 


In this paragraph, we present one simple model, which could be used to explain the 
spontaneous polarization from the point of view of microphysical theory of crystal 
lattice. Especially, the instability of the long-wave optical phonon will be discussed. 
Cochran and Anderson (1960) used the idea of so called soft-mode (Cochran 1959, 
1960, 1961, 1969; Cochran and Cowley 1967) for the explanation of the ferroelectric 
phase transition nature in perovskites in 1959/1960 for the first time. This idea has 
been further extended in numerous theoretical as well as experimental works since 
that time (see e.g. Agrawal and Perry 1971; Blinc and Žekš 1974; Mitsui et al. 
1976; Nakamura 1966; Perry 1971; Petzelt and Fousek 1976; Scott 1974; Silverman 
1969). 

Basic idea of the theory will be demonstrated in simplified form for cubic crystal 
with two atoms in the elementary unit. Let us suppose just one-dimensional lattice 
vibrations (i.e. all atoms in certain lattice plane move together) — either parallel, 
or perpendicular to the wave propagation direction. In such case, we could further 
simplify our model to one-dimensional chain of two regularly repeated atoms. 

Let the chain be composed of ion A with the mass ma and charge +e and ion B 
with the mass mg and charge —e regularly distributed in line on the distance 1/2a 
(Fig. 5.13). 

Period of the chain is equal to a. Let us suppose the linear relationship between 
the interaction force between the nearest neighbors and atomic displacement. Every 
internal motion of the lattice could be represented by the superposition of the mutu- 
ally orthogonal waves as follows from the lattice dynamic theory (see e.g. Born and 
Huang 1954; Leibfried 1955). Any lattice wave could be described by the wave 
vector K from the first Brillouin zone in the reciprocal space. Dispersion curve 
w(K) has two separated branches (for 2 atoms in the primitive unit), which could 
be characterized as acoustic and optic phonons. If we suppose also the transversal 
waves (along with longitudinal ones), we can get three acoustic and three optical 
phonon branches. There is always one longitudinal (LA or LO) and two mutually 
perpendicular transversal (TA or TO) phonons. 
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Fig. 5.13 Infinite AFB” chain. Above: Ions in the equilibrium positions. Below: Ions displaced 
from their equilibrium positions by the longitudinal wave À >> a 
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Let us consider the wave vectors K from the vicinity of the first Brillouin zone 
origin (1.e. K ~ 0). It corresponds to the infrared active lattice vibrations with A >> 
a. The optical phonon branch has the highest vibration frequency possible for the 
atom chain in that case. The ions vibrate with the opposite phases and amplitudes 
inversely proportional to their masses. Dipole moments are effectively created in 
each elementary unit and therefore the crystal is polarized. Polarization of the crystal 
causes the internal periodical electric field E, at the position of each atom. This field 
contributes to the additional electric force on each ion, either by +eF), or by —eF, 
force. Let us further denote the stiffness of the nearest neighbor interaction (i.e. 
spring constant) by C and displacement of ions A and B by ua, ug respectively. The 
ion displacements follow the differential equation of motion 


d uA 
ma —— = —2C(uA — up) + eË, (5.50) 
d? 
du 2C( ) — eE (5.51) 
MR=== = — Up — Uu — e ` A 
B df B A 1 


If we divide Eq. (5.50) by ma, Eq. (5.51) by mg and subtract Eq. (5.51) from Eq. 
(5.50), we could denote following quantities 


u = uA — up (5.52) 
ic A (5.53) 


They are the relative displacement u and the effective mass u of the elemen- 
tary unit. After these simplifications, the vibrations of the charged A*B” chain are 
described by the Lorenz equation of motion 


AL NE 5.54 
Uus = Ci) (5.54) 
We must further express the local electric field E; and substitute it into Eq. (5.54). 
The local field E; is given by the polarization of the crystal. Under the condition of 
zero external electric field, it is dependent only on the ion displacement u. Let us 
therefore calculate the electric field E, as a function of u. The dipole moment created 
by the ion displacement in one elementary unit is 


p 8H (5.55) 
and therefore the polarization is 
P aa = Neu. (5.56) 


Number of the elementary units per unit volume N is equal to the number of ions 
A, or to the number of ions B per unit volume. 
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The electron polarization Pe in the local electric field E; must be also added to 
the total polarization. If we denote the electron polarizability of ion A or B by o (0) 
Or aS (0), we could get 


Pa = N(o$ (0) + 5 (0))E, = No**(0)E;. (5.57) 


We take into account only the static electron polarizability o! (0) inside one ele- 
mentary unit. This simplification is justified because the studied lattice vibration 
frequencies (i.e. phonon frequencies) are small with respect to the Eigenfrequencies 
of the electron polarization. The total polarization is given by the sum 


P = N[eu + a8 (0)E, ). (5.58) 


We suppose solution of Eq. (5.54) in the form of harmonic wave with the fre- 
quency o and wave vector K (it is K ~ 0, i.e. À 7 oo in the origin of the first 
Brillouin zone). It could be also assumed that the polarization is homogeneous in 
thin layers perpendicular to the propagation direction. This assumption is valid in 
the vicinity of the first Brillouin zone origin as long as the thickness of the layer 
is small with respect to the wavelength, but large with respect to the lattice con- 
stant. The local electric field (created by the polarization) is however different 
for longitudinal-optical and transversal-optical wave. Every layer is polarized in 
the thickness direction for the longitudinal waves and parallel to the layer for the 
transversal ones. Polarized planes give rise to the local electric field in the crystal. 
Such electric field at the ion position in the lattice with cubic symmetry could be 
expressed by (see e.g. Kittel 1973, p. 534) 


2 
Ei, = ———P (5.59) 
3&0 
for longitudinal waves and by 
1 
Eir = ——P (5.60) 
30 


for transversal waves. It results in the formula 


E o 2 (5.61) 
== — = l4 . 
IL 3e9 -2Na*(0) — ^ 
N 
Enc EN Zen (5.62) 


— 3:9 — Na*(0) > 


The local electric field E, is proportional to the relative displacement u of both 
lattices for both longitudinal as well as transversal waves. Equation (5.60) could be 
further simplified using Eqs. (5.61) or (5.62) 
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2 
Mo +(2C—eAJu=0 (5.63) 
where A means either Ar, or Ar. 

The nearest neighbor interaction (characterized by spring constant) is stronger 
due to the local electric field interaction for the longitudinal-optical waves and 
weaker in the case of the transversal-optical waves. 

The Eigenfrequencies could be calculated by 


25 (C4 2Ne" ) (5.64) 
(0; = — ———— Í 

Ë 2[380 + 2 No°l(0)] 

> 2 2Ne? 
wr = ), (5.65) 


NOA A 
u 2[3£0 — Noe (0)] 


where the relation cr, > wry holds. The spring constant C is a measure for 
the nearest-neighbor interaction (i.e. short-range interaction). Second term in Eqs. 
(5.64) or (5.65) describes the local electric field interaction, i.e. the long-range 
Coulomb force interaction. 

In this paragraph, we would like to derive the formula for the relationship 
between both eigenfrequencies (wz, œr) and the dielectric permittivity (either static 
£(0), or dynamic e(w) measured well above the ionic eigenfrequency, or well below 
the electronic eigenfrequency). 

It follows for the relative displacement u of both lattices under the application of 
static electric field 


e 
— —F). 5.66 
u= ¿E (5.66) 


The dipole moment created as a result of such displacement is 


e? 


p = eu = Yous (5.67) 


Then, the static ionic polarizability could be calculated as 


p e 


ion(0) = — = —. 5.68 
oa (0) El 3C (5.68) 
We take into account, that the total polarization is due to the electronic polariz- 
ability at the frequency c, and therefore a (à) = a (0). Now we will combine Eqs. 
(5.64) and (5.65) and Clausius-Mossotti formula (see e.g. Hellwege 1976, p. 321 or 


Kittel 1973, p. 537) 


£—1 Na 
e+2 380 





(5.69) 
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into 
0)—1 Nal 
eS (5.70) 
E(w) +2 3&0 
and 
e(0) — 1 N g . 
————— = — 0 'on(0)). 5.71 
z042 ZE l (0) cro (0) O. 71) 
Let us denote the “pure elastic" eigenfrequency oo by 
26 
ess (5.72) 
H 
Combining Eqs. (5.64), (5.65) and (5.72) we can get following formulae 
wr. &(c) + 2 
— = == (5.73) 
o e(0) +2 
oj _ 2(0)+2 e0) (5.74) 


o e(0) +2 e(@) 
Ratio of the two last equations is so called Lyddane-Sachs-Teller formula 


2 
er (5.75) 
wy  €(w) 

Eigenfrequencies cr, and or could be measured by the neutron scattering or by 
the combinations of spectroscopic and dielectric measurements. 

From the point of view of dynamic lattice theory, it is anticipated that some of 
the vibration modes are not stable during the phase transition. It means, that the 
atoms, moved during the lattice vibration, do not return to the original equilib- 
rium positions but occupy new positions. The eigenfrequency of lattice vibrations 
decreases to zero, when the crystal is cooled from paraelectric to ferroelectric phase. 
This situation is basically possible for the transversal optical phonon, where both 
terms in brackets of Eq. (5.65) compensate each other. The contributions of the 
short-range repulsive force and the long-range Coulomb electrostatic attractive force 
are responsible for the effective harmonic "spring constant". The resulted lattice 
force softening allows for the crystal lattice reconstruction. The longitudinal opti- 
cal eigenfrequency remains stable and just slightly temperature dependent, on the 
contrary. 

If the linear temperature dependence of wr is supposed in the form 


wr ~ (© — Oc) (5.76) 
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Fig. 5.14 Temperature 
dependence of the “soft 
mode” in SrTiO3 (Cowley 
1977) 
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we can get Curie-Weiss law for e(0) by substituting Eq. (5.76) into Eq. (5.75) 
and treating wy, as well as e(&) as temperature independent. Reverting this idea, 
Eq. (5.76) follows from Curie-Weiss law. The temperature dependence of eigenfre- 
quency for transversal optical vibration can be observed in reality. Such vibration 
mode is called soft mode. Let us point out, that such explanation of the phase tran- 
sition through the soft mode is not limited only to the ferroelectric crystals, but 
it holds more generally (see paragraph 7.3). However, the dynamic lattice theory 
has been successfully applied only to the relatively simple structures (e.g. for the 
ferroelectrics with perovskite structure). 

The temperature dependence of the soft mode Eq. (5.76) has been studied in 
several oxide perovskites (among them in SrTi03, BaTiOs, PbTiO}; and KTaO3) by 
the neutron scattering, infrared reflectivity and Raman scattering (Fig. 5.14). 

Ferroelectric substances perovskites exhibit no permanent dielectric dipoles 
in the paraelectric phase (which belongs to the centrosymmetrical symmetry 
group m3m). The dipole moments appear in ferroelectric phase as a result of 
the spontaneous displacements of ions. Such phase transition is therefore called 
displacement-type phase transition. 

On the contrary, NO»-atomic group in the elementary unit of Sodium Nitrate 
(NaNO») built the permanent dipole moment. Such dipole moments are not aligned 
in any preferred direction in the paraelectric phase and the net polarization is zero. 
The spontaneous polarization is created through the alignment of elementary dipoles 
in ferroelectric phase. Such phase transition is therefore called order-disorder 
phase transition. This type of phase transitions is common for the substances with 
hydrogen-bond, where the protons are responsible for the dipolar bonds. The pro- 
tons in the paraelectric phase are distributed equally among many possible positions 
as was observed in the neutron scattering experiments. Resulted net polarization 
is statistically cancelled due to the symmetry. In the ferroelectric phase, the pro- 
tons occupy preferably only few possible positions, what results in the spontaneous 
alignment of dipoles. 
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Resonant behavior of the dielectric dispersion in ferroelectric crystals of the 
displacement-type appears usually in the far infrared frequency range. For the 
ferroelectrics of the order-disorder type it appears in the microwave frequency range. 


5.6.4 Antiferroelectricity 


The neighboring chains of elementary units are exactly antiparallel in the antifer- 
roelectric phase. In three-dimensional case, it could be explained as two sublattices 
polarized in an antiparallel direction. Resulting net polarization is therefore equal to 
zero. Typical polarization properties are given by the sublattice spontaneous polar- 
izations rather than by the zero net polarization. If we denote P4 and P; polarizations 
of sublattice a and b, it holds P, = —Pp. 

From the thermodynamic point of view, the antiferroelectric phase occur, when 
it exhibits lower energy than ferroelectric phase. The Gibbs potential for the 
antiferroelectric phase is using Eq. (5.30) expressed by 


G = Go + g2(P2 + P2) + g3PsPy + ga(P$ + P$) + gé(P5 + PŠ). (5.77) 


Antiferroelectric crystal is polarized in the low external electric field similarly 
to the linear dielectric. When reaching some critical electric field intensity Ex, the 
sublattice of electric dipoles oriented antiparallel to the field is switched to opposite. 
Dipole moment configuration reaches minimum of Gibbs energy. Crystal behaves 
as a ferroelectric crystal above the electric field Eg. Below Ex, the electric dipoles 
are gradually switched back and an antiferroelectric phase appears again. The same 
behavior could be observed for the opposite orientation of the external electric 
field. Antiferroelectric crystals show typical double hysteresis curve (Fig. 5.15). The 
phase transition does not necessarily take place between antiferroelectric and para- 
electric phase. Also the phase transitions between antiferroelectric and ferroelectric 
phase are possible and observed for many substances. 

At the end of this paragraph on ferroelectrics let us note, that ferroelectric- 
ity is very complex phenomenon and could not be fully explained in this short 


Fig. 5.15 Antiferroelectric 
(double) hysteresis curve 
(Mitsui et al. 1969) 
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information. We did not mention phenomena like improper ferroelectricity and 
ferrielectricity. We can recommend following sources for further reading Blinc 
and Žekš (1974), Březina and Glogar (1973), Burfoot (1967), Fatuzzo and Merz 
(1967), Forsbergh (1956), Jona and Shirane (1962), Känzig (1957), Machatschki 
(1929a,b, 1931), Martin (1964), Mitsui et al. (1976), Müser (1976), Sachse (1956), 
Schmidt (1963). 


5.6.5 Ferroics 


Spontaneous polarization (i.e. dipole moment) switchable in ferroelectric crystals by 
an electric field is only a particular example of the more general phenomenon. Also 
other external fields (magnetic field or mechanical stress) may cause the changes of 
spontaneously existing properties like spontaneous magnetization or spontaneous 
strain in ferromagnetic or ferroelastic materials. Special term ferroics has been 
suggested for such crystals by Aizu (1970, 1972, 1973). Classification of ferroics 
suggested by Aizu and also by Newnham (1975, 2005) is shown in Table 5.2. 
This classification include mechanical, electric and magnetic field. Ferroics are 
divided into primary and secondary ferroics with respect to external fields and their 
combinations. 

Ferroic domains (or domains in domain twin) differ in the orientation of sponta- 
neous electric polarization, spontaneous magnetization or spontaneous strain in case 
of so-called primary ferroics. Magnitude of the spontaneous quantity is typically 
the same in both domains building domain twin, tensor components are different 
(i.e. vector components for polarization and magnetization and symmetrical second- 
order tensor components for mechanical strain). Situation is more complicated for 


Table 5.2 Primary and secondary ferroics 


Switchable quantity or 


Ferroics material property Switching force Example 

Primary: 

Ferroelectrics Spontaneous Electric field BaTiOs 
polarization 

Ferromagnetics Spontaneous Magnetic field Fe304 
magnetization 

Ferroelastics Spontaneous strain Mechanical stress Pb3(PO4)5 

Secondary: 

Ferrobielectrics Dielectric susceptibility Electric field SrTi03(?) 

Ferrobimagnetics Magnetic susceptibility Magnetic field NiO 

Ferrobielastics Elastic coefficients Mechanical stress S102 

Ferroelastoelectrics Piezoelectric Electric field and NH4CI 
coefficients mechanical stress 

Ferromagnetoelastics — Piezomagnetic Magnetic field and CoF5 
coefficients mechanical stress 

Ferromagnetoelectrics  Magnetoelectric Magnetic field and electric Cr203 


coefficients 


field 
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so-called secondary ferroics. Domains (or domains in domain twin) differ in the 
quantity, which must be first induced by an external field in secondary ferroics. 
As a necessary condition it is anticipated, that different domains exhibit different 
material tensors, due to their crystallographic structure. Domain states in secondary 
ferroics differ in higher order tensor components like piezoelectric tensor, elastic 
compliances etc. 

Switching between different domain states (or twinning) is necessarily done by 
the external fields like electric, magnetic field, by the mechanical stress or by com- 
bination of such fields. Thermodynamic stability of certain specific domain state 
with respect to another one could be analyzed using values of Gibbs thermody- 
namic potential. In forthcoming text we denote as G the Gibbs potential density, i.e. 
the value of thermodynamic Gibbs energy per unit volume of the crystal. Potential 
definition for the case of electric field (see Table 4.1) must be generalized by includ- 
ing also magnetic field energy, which is defined by the magnetic polarization J, and 
by the magnetic field Hj. Gibbs energy differential including magnetism could be 
expressed as 


dG = —o dO — SydT y — PxdEx — JxdHx, (5.78) 


similarly to the electric field energy term. Further we will concentrate on isothermal 
twinnning process only (see a-quartz twinning description in Chap. 7). Remaining 
three terms in Eq. (5.78) include energy densities of mechanic, electric and magnetic 
field. We can separate spontaneous part of strain, electric and magnetic polarization 
from external fields. Spontaneous quantities are denoted by superscript (S). Let us 
also denote G(1) and G(2) the Gibbs energy density for the original domain state (1) 
and switched domain state (2). Energy per unit volume needed for switching from 
the domain (1) to the domain (2) is therefore equal to 


AG = G(2) — G(1). (5.79) 
Using Eq. (5.78) we can get 


AG = ASD T, + APE, + AJ? Hg+ 
+5 Asus T, T, + 560 A Xy EE + 5 o AK HkHq- (5.80) 
+ Adky ExTy + Az HT) + Angel 


Differences in spontaneous quantities and in the material coefficients mean the 
value of quantity in domain state (1) minus the same for the domain (2). Except 
of electric and magnetic field constants eo, uo, Eq. (5.80) include differences in 
the mechanical compliances 5,,,, electric susceptibility xj, magnetic susceptibility 
Ki, piezoelectric charge coefficient dy, piezomagnetic coefficient =+, and mag- 
netoelectric coefficient mu. The first three terms as well as the last three terms in 
Eq. (5.80) are dependent on the crystallographic symmetry and their non-zero val- 
ues are limited only to certain crystallographic classes. Other terms exhibit non-zero 
values in all crystals generally. 
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Domain state (1) is stable in case of minimum energy with respect to the other 
domain state (2) under the application of external fields, 1.e. under the condition 


AG = G(2) — G(1) > 0. (5.81) 


This equation gives a limit for the necessary external fields needed for performing 
twinning. 
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Chapter 6 
Nonlinear Material Properties 


6.1 General Considerations 


The formulation of Hooke's law rests on the assumption of infinitesimally small 
deformations. Its application to the simple model of a mass connected with a spring 
results in a linear force law and to the well known harmonic oscillation. Investigating 
even with very modest means the behavior of a real system of this sort shows that 
the limits of accuracy of this simple description are quite narrow indeed. A more 
general and accurate description will have to be a nonlinear one. This, in fact turns 
out to be true for all material properties, e.g. dielectric properties and the simple 
relation (4.2) is valid only for small fields and is an approximation in the same way 
as Hooke's law (3.51). If we are looking close enough we find that all phenomena 
actually are nonlinear, which means that the response of even simple systems to an 
external influence cannot be precisely described by a direct proportionality. 

The nonlinearity of the response, in general, is due to two different causes: The 
first one lies in the fact that the body under consideration changes its shape and size 
by the application of an external stimulus. Therefore, in the course of this process 
all quantities that are referred to unit volume (in fact obtained by dividing it by the 
volume of the body), or to unit area of a surface will be influenced by the contin- 
uous change of volume or of surface area, leading to a deviation from truly linear 
behavior. Effects of this sort are called geometrical nonlinearities. 

On the other hand we know that interatomic forces strongly depend on the sepa- 
ration of the particles and can be described by a linear force law only in the lowest 
approximation but are essentially nonlinear and this affects the response of the 
material itself such that we speak of material nonlinearity. A proper treatment of 
nonlinear effects has to take into account both of these nonlinearities. 

Let us consider Hooke's law as stated in (3.51”). The stiffness coefficients c), 
are clearly defined as constants. As a first step of approaching nonlinear behavior 
we could consider leaving the form of the law as it 1s, but interpreting the stiffness 
coefficients as functions of the strain 5;,,. Such a procedure is frequently adopted in 
engineering practice. It has its place there and it has its merits for the sake of quali- 
tative discussions and as a visualizing tool and we will use it in this sense later. The 
natural measure of nonlinearity then becomes the first derivative of this function. 
This approach clearly has its limits and a more general procedure (involving this 
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derivative anyway) suggests itself, namely to formulate constitutive equations in 
the form of power series up to the desired order. The coefficients coming with the 
second- and higher order terms are then called nonlinear material coefficients and 
are again to be considered as constants. 

As an example of this approach let us consider the constitutive equation "arrived 
at (a) by adopting unchanged the field equations and boundary conditions of the 
linear theory, and (b) introducing cubic and higher order terms in the polynomial 
representation..." 


E; = — higSg + BD; + 2q:85gD; + T; D;Dk T £> D;DkDi 


S S 


(6.1) 


which (converted to the use of the summation convention over repeated indices) 1s 
stated by Grindlay (1970) who, well aware of the problems involved, places this 
under the heading “quasi-linear theory". It should be noted that (6.1) is stated in 
terms of the infinitesimal strain S}, the conventional electric field E; and the conven- 
tional electric flux density field D; from the linear theory. Since this equation serves 
here only to emphasize this point, the detailed naming and meaning of the various 
expansion coefficients which are given here in the notation of the reference are of 
no further concern to us and need not to be discussed. Similar constitutive equa- 
tions have been formulated for nonlinear elasticity, disregarding electromechanical 
coupling and without regard of other nonlinear effects. 

Apart from the problems of nomenclature, namely the choice of appropriate and 
generally recognized symbols, some confusion also has arisen by the different ways 
in which numerical factors were (or sometimes were not) introduced in this process. 

A great step forward was initiated by Brugger (1964) with his suggestion to base 
definitions of higher order material constants on an extension of the thermodynamic 
treatment. He also laid down rules for a consistent extension of the matrix notation 
to higher order constants. This approach has been widely adopted since. 

The method basically consists of taking the expansion of thermodynamic poten- 
tials at least one step further. As was shown in Chap. 4 the usual linear coefficients 
are represented by second derivatives of the appropriate potentials. In this sense they 
are called second-order coefficients. This means that the next level of "nonlinear" 
material coefficients will involve third-order derivatives leading in consequence to 
“third-order” constants. For our purposes we will stop at this level. 


6.2 Choice of State Variables 


Extending the thermodynamic potentials to the third order is far from trivial. A 
vast literature has developed in which the fundamental problems are worked out 
in detail. The names Toupin (1956), Toupin and Bernstein (1961), Thurston and 
Brugger (1964), Hájicek (1968, 1969), Tiersten (1971), and Nelson (1979), among 
others, should be remembered for their important contributions. 
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It is impossible within the limits of this volume to go into the details of this 
complex topic. However, it is necessary to point out a few basic facts and results. 
The essential objective is to take proper care of the geometrical nonlinearities: 

The main point to observe is that in carrying the series expansion of a thermo- 
dynamic potential to the next higher order, care must be taken that a// terms of this 
order are included to be consistent. Some of the older attempts of approaching non- 
linearity have suffered from the deficit that only a few additional terms were retained 
while some (in some cases even most of them) were arbitrarily disregarded. 

It must be recognized that each energy function serving as a thermodynamic 
potential must be invariant under a rigid rotation. This requirement imposes restric- 
tions on the proper choice of state variables. Finally, since the deformation gradients 
cannot be taken as infinitesimally small any longer, the changes in volume and area, 
associated with strains must be taken into account when energy densities (energies 
per unit volume) or stresses (forces per unit area) are considered. 

It is obvious that the infinitesimal strain tensor S;; is no longer adequate and it 
is certainly not surprising that the appropriate replacement is the finite strain tensor 
V;; as defined in (3.20). 

Let us next look at the consequences for an appropriate formulation of stress. It 
turns out that two additional stress tensors are needed to accommodate the require- 
ments made above. The first of these, .7;4 called “first Piola-Kirchhoff tensor”, is 
related to the stress tensor introduced in Chap. 3 by 


OXA 


Fig = JT;— 
i y OX; 


(6.2) 
involving the Jacobean J (3.3). It is so defined that .7;x Nx represents the i-th compo- 
nent of force acting on a material surface per unit area in the reference configuration. 
This implies that the components of the net force acting on a material element can be 
found by integrating either .7;xNx over the surface of the element in the reference 
configuration or T;xnk over the surface of the element in the actual configuration. 
Another consequence of this is that 0T; 7 Ox, and AiK / 0Xx represent the force 
components per unit actual volume and reference volume, respectively. Therefore, 
OS KR / IX x is used most conveniently when equations of motion involving nonlinear 
effects are formulated. 

It is useful at this point to observe that in this context frequently the so-called 
comma notation is employed for partial derivatives with respect to the different 
coordinates which means writing W% for the partial derivative of V with respect 
to the spatial coordinate xz and Y g for the partial derivative of Y with respect to the 
material coordinate Xx where W stands for any arbitrary function of the coordinates 
and where V can itself be a derivative. This makes it necessary to distinguish spa- 
tial and material coordinates by their indices, which is most easily accomplished by 
using upper case indices for material coordinates. This explains the choice of upper 
and lower case indices in (6.2) which, using the comma notation henceforth we can 
rewrite as 


Fig = JTjXAj. (6.2) 
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Regarding the use of upper and lower case subscripts it must be borne in mind 
that in some instances it is not without ambiguity, as in the case of displace- 
ments. Strictly speaking, the distinction is mandatory only for the coordinates 
themselves in combination with the comma notation for derivatives. In all other 
contexts upper case indices serve as a useful reminder that a material frame repre- 
sentation Is used. This reminder, of course, is superfluous if only linear effects are 
considered. 

The second additional stress tensor fAp, called “second Piola-Kirchhoff tensor”, 
is related to the stress Tj; by 


tap = JL ¡¡Xa ¡Xp j. (6.3) 


Comparison with (6.2) shows that second and first Piola-Kirchhoff tensors are 
related by 


tap = Sja Xp j and. ¡A = X; BÍAB- (6.4) 


It may be shown that tagdVap equals the straining work done by the force, 
taken per unit reference volume. In static equilibrium and for ideal thermoelastic 
materials for which the stress has its static equilibrium value at any moment this 
work adequately represents the change in stored energy, which justifies the name 
"thermodynamic tension" used for t4g by some authors. 

In this context it 1s useful to note that also the first Piola-Kirchhoff tensor can be 
related to the stored energy with the deformation gradient as a conjugate variable. 

In Chap. 3 it was shown that the stress tensor Tj; is symmetric, which allows 
to interchange indices. This symmetry also pertains to tap while the first Piola- 
Kirchhoff tensor does not have this symmetry, a fact that is underlined by the choice 
of lower- and upper-case indices for spatial and material frame coordinates and 
quantities. 

Similar considerations have to be applied to electric state variables. We have to 
distinguish the spatial frame or present state electric field £ and the material frame 
or reference state field E, which are related by 


Er= ZkXk,L (6.5) 
and 


Zy = ELXL k. (6.6) 


Similarly, employing again the script symbol for the spatial frame quantity, the 
relations 


Dr = JZyXrk (6.7) 


and 
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m= J DORE (6.8) 


hold for the dielectric displacement fields Z and D, respectively. 

This choice makes 4d; a differential increment of internal energy per unit 
actual volume and ExdDx the corresponding increment of internal energy per unit 
reference volume. It is also worthwhile to note that — because of the property 
&ydxy = E¡dX, implied by (6.6) — for electrostatic situations the fields may be 
represented by the potentials g(x) = P(X) with equipotential surfaces that can 
be identified with material surfaces in the two configurations and we have as a 
consequence of &— —gradq also 


Ex = — x. (6.9) 


Among the thermal quantities the absolute temperature is clearly unaffected 
while entropy is quite naturally taken per unit reference volume without further 
complications. For convenience of notation we choose the temperature of the ref- 
erence state to be Oy = 273.15 K. Since only temperature deviations from this 
reference value are of relevance for the subsequent discussion we identify with the 
variable Y = © — Oy the temperature in degrees Celsius. 

For the following discussion we assume in addition all components of the electric 
field vector E, all stresses t4g, and all strains Vag to be zero in the reference state. 
However, we allow for the presence of spontaneous polarization ?P. 


6.3 Definition of Third-Order Material Constants 


Having clarified the necessity of adequate state variables we can now proceed to 
define third-order material constants which is done by specifying the series expan- 
sion of the thermodynamic potentials about the reference state up to the third order. 
Since writing out all derivatives in full becomes very bulky and since we have to 
appreciate the fact that the expansion coefficients are derivatives evaluated at the ref- 
erence state and, therefore, are in fact constants, it is preferable to write them down 
in terms of these constants. Here, we face a serious problem of notation: For each of 
the thermodynamic potentials we need, in addition to the well known conventional 
second-order constants defined in Chap. 4, a set of 10 third-order constants apiece, 
making a total of 80 symbols necessary to distinguish them. Given the limited num- 
ber of characters available, an economic approach has to be followed, which has 
not yet led to universally accepted designations in the literature. So let us define the 
constants by the potentials as shown in (6.10), (6.11), (6.12), (6.13), (6.14), (6.15), 
(6.16), and (6.17) employing the full tensor notation to clearly show the mathemat- 
ical structure and the rank of the tensors involved and using consistently upper case 
indices as a reminder of the material frame representation used throughout. As a 
further attempt to make matters as transparent as possible subscripts early in the 
alphabet (A to J) are used in connection with mechanical quantities while characters 
located in the middle of the alphabet (K to M) are reserved for electric quantities. 
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U = Ooc + j/CP"o? — @oqk o Dx — Gov}, 0 VAB 
+>Bri "Dese heap DK VAB + oe VAB Vcp 
+g Ca? — $8odg o° Dk — 790743 0° Vas (6.10) 
+3BgL o DkDr — hkap 0 DKVAB + 3C4pcp O VAB Vcp | 
+t Bey DKDrDu — 1, p DkDr Vas 


l D 
m 3 KABCD Dx VAB Veo + Ee UE VAB Veo VEF 


F = —$3CPY 9? — nk 0 Dy — zp 0 VAB 
+18" DkDr =h? p Dx Vas Fleten VABV 
OKT. "REEL KAB PK VAB + 5CABcp VABVCD 
FLO VO? — p 0? Dr — Vl 0? Vas 6 
À A . (6.11) 
+k 0 DgDL — Ara Y DkVAap + OO 0 VaApVcp 
+óBkiu DxDiDm — iran! DxDL VAB 


1 @,D 
o 2 RABCD Dx VAB Vcp + s a VAB Vcp VEF 


is 
H = Ooo —*PxEx + 5 Cta? — Oop 0 Ek — @oo fp O fAB 
1 cB 
—28kL Ex Ej, — dy. Ap EK taB — 55ABcp “AB [CD 
3 Gof a E 29054 0? tap 

dz le (6.12) 
1 ; 1 
—EximEk EL Em — 3dg1ag EKEL tas 


1 yo 1 oE 
o 3d KABCD EK tap tcp — 6S5ABCDEF “AB ICD ÍEF 


G= —PkEk — 3CP!9? — ph 9 Ex — od, Ü tap 
-jepi EkEr — dig EK taB — A [AB ICD 
-iCP'93 — lpi 0? Eg — Lal, 0? tap T 
ES 0 ExEL — dy 4g 0 Ertas — ¿cp 9 tABfCD | 
—legiy Ex Er Eu — 1d, ,p Ex EL tar 


1 70 ] O04 
— A RABCD Ex [AB ÍCD — 6SABCDEF LAB (CD ÍEF 


T 
Hı = @oc + ; Cto 2 — oq. c Dx — O90 1, G tap 
I c.D 
+} Bg} DkDr — gp DK taB — 554pcp ABÍCD 
1 1 ~ 1 2 
+š CP!a? — 5 Og o? Dx — 509015 0? tan 

EC n" (6.14) 

Ki KYL — ESKABI KÍAB — 3SABCD O ÍAB {CD 
"bin t BkimDK Dr Dm — 187 AB DxDL tAB 


1 c.D 
o 38 RABCD Dk tap tcp — 6SABCDEF [AB tcp ÍEF 
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Gi = — 3CP!9? — 100 Dy — oD, Ü tap 
@,D 
+4 Bef DkDr — 8kag DK tAB — T5 CD LAB tcp 
—1CP'9? — ift O? Dy — 542, 02 » 
(6.15) 
— 1i, 9 DkD, — Exag 0 DktaB — 55% cp Ù AB tcp 
+1 i Dk Dr Dm — 38; Ag DKDLIAB 


] 70 1,0,D 
— 5d KABCD Dk tAB tcp — GP ABCDEF “AB (CD ÍEF 


= O09o — *PxEx + iico? — O0Px o Eg — Ooy fp o VAB 
-legy EKEL — egag Ex VAB + 200p VAB VCD 
+g CEYVo 3 — $899, 0? Ex — 2904 o? VAB 
Rd ExEL — Egipt Ex Van + 3 up o VAp Vcp pao) 
—1 60) Ex Er Eu — ¿an EKE Vas 


1 
—>€kagcp Ex VAB Vcp + oe VAB Vcp VEF 


G2 = —"PxEx — 5CEV9? — phd Ex — vE, OV ap 
O, G,E 
-leky EgEr — M Ek VAB + 26105 VAB VcD 


—iCPV9? — Spy 0? Ey — 165, 9? VAB m 
Er 0 ExEL — Crap Y Ek VAB + 24 ne 0 VapVcp I 
= Ex Er, Em — be? AR Ek EL VAB 


1.0 1 .G,E 
— 2€ KABCD Ex VAB Vcp + 6 CABCDEF Vas Vcp VEF 


Up to the second order the coefficients in (6.10) (6.11), (6.12), (6.13), (6.14), 
(6.15), (6.16), and (6.17) are denoted as introduced in Table 4.2 with one excep- 
tion. To avoid the bulky form of the thermal coefficients two abbreviations are used, 
defined by 


and C = — = —, (6.18) 
^ o C poc 
where po denotes the reference state mass density. 

To illustrate the notation and meaning of the third-order coefficients let us dis- 
cuss the electric Enthalpy H> (6.16) and the electric Gibbs function G> (6.17). With 
Ex and Vag as independent variables they are important for experiments involving 
elastic waves and vibrations. 

The general strategy follows ideas by Brugger (1964), Tiersten (1971), Nelson 
(1979), and Adam et al. (1988) which is to start from the idea of sticking to the 
symbols of the second-order quantities and just augment them by additional indices 
according to the variable involved in the additional derivative. The procedure is most 
easily demonstrated with the third-order stiffnesses 
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A,+ 0^ H5 g 92H, 
a Eres ————— ]. (6.19) 
o Vag 9 Vcp OVEF o Ver V OVAp 9Vcp 


The second derivatives of H2 or G2 with respect to the strain coordinates still 
are functions of all the variables and might be called stiffness functions since their 
values at the reference state are per definition the second-order stiffness constants. 
In this sense the third-order stiffnesses are a measure of the strain dependence of the 
stiffnesses. The symbol A stands for o or © and the symbol + for E or D to indicate 
the thermal and electrical constraints in the manner used in Table 4.3. 

Similarly, the third-order permittivity is denoted by 


93H ð 07H: 
QA = — RN eC, (6.20) 
JEx OE, 0Em Ax QOEM N0Ex JEL A,x 


The symbol A has the same meaning as before and x stands for either con- 
stant finite strain V or stress t. It describes the field dependence of the conventional 
linear permittivity. Usually, the factor £o is extracted, and the third-order permittiv- 
ity written as £9ykyrM but this would involve yet additional symbols, also for the 
impermittivities, and really makes only limited sense as it fails to render kxLm 
dimensionless. Similar considerations also hold for the notation of all sorts of 
electrostriction coefficients. 

Wherever mixed derivatives are involved arbitrary choices have to be made. 
While clearly 


3 
KABCD | 3Ek ƏVAB OVcp JA 


A - t (th) 
— QVcp OEK OVAB ^ OEK 0 VAp O VCD A.E 


this can be interpreted as a strain derivative of the piezoelectric egag function as 
well as an electric field derivative of a stiffness function because the order of dif- 
ferentiation may be freely interchanged. The symbol is chosen here according to 
the former interpretation. However, independently of the choice of the symbol, this 
quantity may be called either a nonlinear piezoelectric constant or an electroelastic 
constant. 

For consistency the same procedure is followed for 


(6.21) 


CRAB — \ aoe A Gn ss, 
DEK JEL VAB JA 
| 9 0^ H» | 9 0^ H» 
= Vag \OEKOEL) ay — QE, NOEk0Vap) X 


usually called the electrostriction tensor which could be interpreted as a field depen- 
dence of a piezoelectric coefficient suggesting the symbol e with four indices or as 


(6.22) 
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a strain dependence of the permittivity which would lead to the symbol e. Neither 
of these seems to be in use anywhere in the literature (co/yrAp is used by Nelson 
(1979), e.g.) where usually only one specific effect is under investigation. However, 
the fact that for the total side by side representation of all conceivable effects of this 
order would necessitate a total of four additional characters for this type of derivative 
speaks overwhelmingly for the procedure adopted here, the only decision to make 
being between e and e. In a book on piezoelectricity it seems only natural to prefer 
the representation as a nonlinear piezoelectric constant, also in the corresponding 
cases in (6.10) (6.11), (6.12), (6.13), (6.14), and (6.15). 

The idea of augmenting the second-order symbols by additional subscripts obvi- 
ously fails with derivatives with respect to entropy and temperature, which bring 
about no change in indices. In this case the usual second-order symbols are aug- 
mented by a tilde for coefficients involving derivatives with respect to entropy and 
a caret in the same sense regarding temperature, for example: 








92Dkx 
Dues 6.23 
EKL JE, 3o (6.23) 
and 
3? Dk 
ppr = 6.24 
EKL JE, © (6.24) 


and likewise for the other terms involving entropy or temperature dependencies. 
It is instructive to write down the constitutive equation for t4g, which is obtained 
by differentiating (6.16) with respect to VAB 


taB = CABCD VCD — €KAB Ex — SeKLAB Ex Er — ekaBCD Ex Vcp (6.25) 


l 
c 5cABCDEF VCD VEF 


and, for comparison, .7;; (obtainable from (6.25) employing (6.4) and expressing 
the deformation gradients by displacement gradients, transferring .7;; to yj or, 
alternatively, by differentiation of (6.10) with respect to deformation gradients 


A 1 
ZH = CIJABUA Bt CKIJ9,L—5 -KLU 9, K9,L 
l 
+ 5 (CIJABCD + ÒIA CBJCD + Ofc CDJAB + OAC CIJBD) UA,B UCD (6.26) 


l 
+ 5 (€KIJAB + ÒIA €KBJ) @,K UAB 


This shows directly that the nonlinearity of the dynamic response is due both 
to geometrical nonlinearities (in conjunction with second-order material con- 
stants) and to material nonlinearities as expressed by the various third-order 
constants. 
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6.4 Experiments on Nonlinear Effects 
6.4.1 Third Order Permittivity and Electrooptic Effect 


The third-order permittivity is described by the third rank tensor DN Its sym- 
metry properties are similar to those of the piezoelectric tensors. In particular all 
tensor coordinates vanish for all centro-symmetric crystal classes and the class 432. 
However, all three indices are interchangeable. As a consequence of this either the 
first two or the last two indices may be contracted to a single matrix index which 
allows representation in a 3 by 6 matrix. This offers advantages for tabulation of 
data but has little merit otherwise since there is no corresponding matrix index for 
the respective variables. 

Most data in connection with this coefficient are to be found under the heading 
electrooptic effect referring to an influence of an electric field on the index of refrac- 
tion which is determined by the second-order permittivity. For a long time available 
electric fields were rather weak and only very small effects were observed. With the 
advent of laser technology this has changed radically and electrooptic effects have 
become a wide branch of modern optics. Taking into account that the formalism 
outlined in the previous section is not really applicable to optical phenomena as it 
is restricted to quasistatic fields, the electrooptic effect is not further discussed here 
and the reader is referred to the literature, e.g. Yariv (1984), Shen (1984), Butcher 
and Cotter (1990), Boyd (19977), Reider (1997), Günter (2000). Probably the best 
one can do is to consider €grm and fry as the low frequency limit of electrooptic 
coefficients. In the low frequency limit however, experimental difficulties are severe 
and data extremely scarce. An attempt at a direct measurement of E of quartz (the 
only independent tensor coordinate in this case) by a resonator method was reported 
by Gagnepain and Besson (1975). 


6.4.2 Piezooptic Effect and Electrostriction 


The fourth rank tensors ls d s B and ë iE all have the same gen- 
eral structure. The first pair of indices is related to electric variables, the second 
pair to a mechanical variable. The subscripts in both pairs may be interchanged 
and, therefore, contracted to single matrix indices using (3.56). In contrast to the 
nd-order elastic constants cz, and s(t, there is no interchange symme- 
second-order elastic constants c, pcp ABCD ge sy 
try between the pairs. While for hkras and LAB no numerical factors come Into 
play when changing to matrix notation the relation between matrix coefficients and 
tensor coordinates for the remaining two is 


A l A 
días = > (1 + 9n) dito (6.27) 


1 
Skrap = 5 (1+ 8AB) kta: (6.28) 
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Matrix notation allows to represent them in the form of 6 by 6 matrices which, 
in general, are not symmetric about the leading diagonal. In the triclinic crystal no 
coefficients vanish for symmetry reasons and all 36 of them are independent. 

The ambiguity of their interpretation has already been pointed out in Sect. 
6.3: They could be seen to represent the dependence either of a dielectric coeffi- 
cient on a mechanical variable (and in this way related to the piezooptic effect) 
or of a piezoelectric coefficient on an electric variable (and associated with 
electrostriction). 

Electrostriction, in the original sense, means a mechanical deformation caused by 
an electric field, in general proportional to the square of the field strength. Such an 
effect 1s, in principle, quite common and can exist in solid, liquid, and even gaseous 
substances. It does not require any special symmetry properties. Yet, the deforma- 
tions are exceedingly small and very difficult to measure. In defect-free crystals 
electrostriction is caused by the direct action of the electric field on the atoms 
forming the crystal lattice and by the Maxwell stress (Becker and Sauter (1973), 
Grindlay (1970)). Displacements and reorientation of defects may contribute to the 
electrostrictive effect in doped crystals. 

The most direct experimental access to this effect is the direct measurement of 
deformation (changes of specimen thickness, e.g.) under the action of an electric 
field. In piezoelectric crystals, however, this effect is masked to a large extent by the 
superimposed converse piezoelectric effect, linear in the electric field. Nevertheless, 
Uchino et al (1982) and Luymes (1983) have constructed measuring apparatus based 
on an interferometric technique. By compensating the linear piezoelectric response 
Luymes (1983) measured an electrostriction constant of a-quartz. 

Much of what has been said above concerning the electrooptic effect also applies 
mutatis mutandis to the piezooptic effect (variation of refractive index by external 
mechanical stress). Due to unavoidable dispersion piezooptic coefficients measured 
by optical techniques can hardly be related to the low-frequency regime for which 
the definitions of Sect. 6.3 are intended. Determining these constants quasistatically 
or at sufficiently low frequencies would involve the measurement of permittivity 
under mechanical stress. Investigations of this type have been made by the group 
around Newnham and Cross (Uchino et al. (1980), Rittenmyer et al. (1983), Meng 
and Cross (1985)). 

Finally, electrostriction is also involved in experiments on the electroelastic effect 
and attempts to determine certain electrostriction constants from such experiments 
have been made (Kittinger et al. (1986)). 


6.4.3 Nonlinear Piezoelectricity and Electroelastic Effect 


^ ^ ^ ^ . . . 
The fifth rank tensors hEABCD: ARABCD> E8RABCD> and €vApcp again are of identical 
structure. They are nonzero only for the piezoelectric crystal classes. The first index 
couples to an electric variable, the remaining ones, forming two pairs, to mechanical 
variables. Indices in the two pairs are interchangeable and so are the pairs. Matrix 
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notation may be used, introducing numerical factors in a similar way as for the 
electrostriction constants, namely 


] 
dRagcp = q (1 + daa) (1 + cp) da (6.29) 


and 


] 
SRABCD = 1 (1 + daz) (1 + dcp) Rup (6.30) 


and one to one correspondence of tensor coordinates and matrix constants for 
li Non and Er usa: They may then be represented by 3 symmetric 6 by 6 matri- 
ces, one for each value of index K. There are 63 independent constants for triclinic 
crystals. 

Shortly after the discovery of the piezoelectric effect first attempts were made to 
investigate the limits of the linearity of this effect, looking for a deformation depen- 
dence of piezoelectric coefficients. Results were unsatisfactory and contradictory 
for a long time. 

The first convincing experiment of this kind was performed by Graham (1972, 
1974) whose setup is shown schematically in Fig.6.1. An X-cut a-quartz plate Qı 
is mounted in an epoxy bed E in an evacuated cylindrical tube. A second X-cut 
a-quartz plate Qo, mounted on a piston serves as a projectile accelerated by a com- 
pressed gas to collide head on with Q1. Careful alignment of the two quartz faces 
and a special ratio of thickness to diameter of Q; insure that upon impact a plane 
compressive shock wave is generated in Q4. From the impact velocity, measured 
independently, and from the known material properties the deformation is calcu- 
lated. The polarization resulting from this deformation by the direct piezoelectric 
effect is obtained from the electric signal detected from the electrodes of Q4. From 
measurements at different impact velocities values for the piezoelectric modulus 
ej] at different deformations were calculated and from these a value for e111 as a 
measure for the deformation dependence was derived. 

As pointed out repeatedly already, the alternative interpretation of these coef- 
ficients is that of a field derivative of an elastic coefficient which manifests itself 
in the so-called electroelastic effect. This avenue was pioneered by Hruska (1961, 


Fig. 6.1 Shock tube used for 
the measurement of the 
deformation dependence of 
piezoelectric coefficients 
(Graham 1972) 
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1962) who investigated the influence of an electric biasing field on the resonance 
frequency of piezoelectric resonators and gave an interpretation in terms of the 
electric field dependence of elastic coefficients. It may be claimed that this was 
the first unambiguous experimental demonstration of piezoelectric nonlinearity. 
Hruska and Kazda (1968) obtained a complete set of coordinates of what they 
called the polarizing tensor of elastic constants for a-quartz. These were based on 
a quasilinear ad hoc expansion in the manner of (6.1) since a proper rotationally 
invariant theory was not yet developed in an applicable form at the time. An 
expansion of this work was presented by Hruska and Khogali (1969, 1971). 
While attention concerning this effect was centered on quartz other materials were 
investigated as well, notably by Dad'ourek et al. (1966), Hruska (1977), Kinigadner 
et al. (1979), and Kittinger et al. (1979). 

The body of experimental data on a-quartz was later confirmed by Reider et al. 
(1982) investigating the influence of an electric biasing field on the propagation 
velocity of ultrasonic waves in bulk crystals using transit time measurements. This 
work was extended by Kittinger et al. (1986) by additional and improved measure- 
ments of this type and by an interpretation based on the thermodynamic definitions 
given in Sect. 6.3. Since the equation of motion involves the first Piola-Kirchhoff 
tensor in the form of the constitutive equation (6.26) it 1s seen that with the excep- 
tion of the thermal derivatives all types of third-order material constants come into 
play in such an experiment. The value of ej;; derived from these electroelastic 
measurements is in good agreement with Graham's deformation experiment. 


6.4.4 Nonlinear Elasticity 


Deviations from the linearity of Hooke's law are represented to the next higher 
order by the third-order stiffnesses e and compliances DER These are 
the coordinates of a sixth rank tensor having the same index symmetries as their 
second-order counterparts: Indices are interchangeable in all three pairs and all three 
pairs are freely interchangeable themselves. The pairs can, therefore, be contracted 
to matrix indices by the use of (3.56) and for the compliances numerical factors are 
given by 


1 
SABcpr = g (1 + dan) (1 + dcp) (1 + gr) stg, (6.31) 


In principle, these can be represented by six 6 by 6 matrices. By this procedure 
the total of 729 tensor coordinates is reduced to 216 elements of these matrices. Due 
to the interchange symmetries only 56 of these are independent in the least symmet- 
ric case, the triclinic crystal system. Since the representation by these matrices is 
exceedingly bulky and contains a lot of redundancies they are usually not written 
out in detail. A table listing the nonzero independent constants is given by Nelson 
(1979) where, in addition, the structure of all the matrices of material constants 
discussed in Sects. 6.4.1, 6.4.2, 6.4.3, and 6.4.4 for all crystal classes may be found. 
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Nonlinear elasticity of crystals is of interest for finite amplitude ultrasonic waves, 
for the interaction of light with ultrasonic waves and in the context of anhar- 
monic lattice dynamics. Experiments yielding the most detailed information involve 
the propagation of elastic waves under mechanical biasing stress (both uniaxial 
and hydrostatic). The theoretical background for this method was worked out by 
Thurston and Brugger (1964) and is extensively discussed by Thurston (1974) 
together with the problem of temperature dependence. Complete sets of third-order 
elastic stiffnesses for a number of, mainly cubic, crystals are available in the lit- 
erature (Landolt-Bórnstein 1979). For a-quartz such a set has been determined by 
Thurston et al. (1966). In this work, however, the quartz crystal was treated as a 
purely elastic body, neglecting all electromechanical interactions, even the linear 
piezoelectric effect. It is, therefore, rather unlikely that these constants represent the 
thermodynamically defined third-order stiffnesses. 


6.5 Interrelations Between Different Sets of Third-Order 
Material Constants 


From the theoretical point of view the quantities introduced in the preceding section 
form the basis of a formalism which appears rather complicated but nevertheless 
attractive because of its great generality and consistency. It has all the limitations 
and all the strength of the thermodynamic theory. It was shown in Chap. 4 how this 
theory allows to demonstrate the identity of constants governing the direct and the 
converse piezoelectric effect and that it yields a formalism to calculate a whole set 
of material constants (e.g. piezoelectric constants dy, ) from other material constants 
(in this case from piezoelectric moduli ez, and elastic compliances 5;,,). Similar 
relations may be derived for the third-order constants which is scientifically pleas- 
ing and would justify the title “scientific approach” in contrast to the “engineering 
approach" as indicated in Sect. 6.1 and further explained below. 

More or less complete collections of these relations may be found in the literature 
(Kittinger and Tichy (1986), Adam et al. (1988)) so we give only a few examples: 


A,+ _ A,+ A,+ A,+ LA + 
Supy = Caer Sas Spe “yk (6.32) 
A _ A AE AE AE JA AE AE 


^ A ¿AE AE A,E A JA A JAY AE 
AKL = EKLE Spa — Cpys KB dLy Sas + (Rp, dí, EE ed di ) Sap (6.34) 


In principle, this has important consequences for experimenters who in one 
instance may find it easier to measure third-order stiffnesses and then have a means 
to calculate compliances from them. It has already been pointed out that by this for- 
malism it becomes possible to measure the influence of an electric field on elastic 
properties of a material and learn something about the deformation dependence of 
piezoelectricity by this process. 
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Unfortunately, in many cases it is not easily possible to put these interrelation- 
ships into practice. Even though the number of independent coordinates of the 
various third-, forth-, fifth-, and sixth-rank third-order material tensors is limited by 
material symmetry, the number of independent quantities to be determined experi- 
mentally is, in general, quite high. It further turns out that many experiments yield 
only linear combinations of several independent constants, which could possibly be 
resolved only by experiments of a different type. The importance of this latter kind 
of problems has been underestimated for a long time. It was investigated in great 
detail by Hruška (1993, 1994, 1995). Relations like (6.33) can be put to full use 
only if complete sets of constants are available for a specific crystal which is rarely 
the case. 

Of course, if we speak of nonlinear behaviour this also includes effects of even 
higher order. The next step would be a further extension of the series expansion 
of the potentials to include fourth-order derivatives. Taking a short look at (6.10) 
(6.11), (6.12), (6.13), (6.14), (6.15), (6.16), and (6.17) and considering how the 
mixed derivatives would multiply, this becomes a tall order indeed. Considering 
the state of the art concerning third-order constants it is highly questionable if this 
further step would make much sense, at least for the time being. 

Considering now the requirements of engineering problems we must recognize 
that nonlinear effects generally play an important role and quantitative knowledge 
about them is important. So, if the "scientific approach" does not yield sufficient 
answers it becomes necessary to revert to less complex procedures somewhat like 
those represented by (6.1). This then could rightfully be called the “engineering 
approach". For specific cases with clearly defined experimental conditions (param- 
eters to be held constant and the like) results of this sort may be exactly what is 
needed to build a certain device and there is nothing wrong with it. It must be borne 
in mind, however, that "effective nonlinear constants" of this sort are applicable 
only for the precise type of experimental conditions used to determine them. In 
practice their values may differ considerably from the thermodynamically defined 
third-order constants, denoted by the same or similar symbols. Even more seri- 
ously, different functions of the various variables are involved in the two approaches. 
Therefore, (and this is a point that was frequently disregarded in the past), it is not 
possible to apply relations like (6.32), (6.33), and (6.34) to the engineering type 
effective constants for this would yield definitely wrong results. 
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Chapter 7 
Piezoelectric Materials 


7.1 Introduction 


Among the wide variety of the piezoelectric (and ferroelectric) materials known 
up to now, only very few of them are used in the technical applications for piezo- 
electric test and measurement devices. These days, synthetic piezoelectric crystals 
(e.g. contrary to the natural quartz), ceramics, polymer sheets and thin/thick films 
could be applied in transducers, actuators and sensors. Mainly the number of newly 
discovered ferroelectric materials grows rapidly after World War II. New tech- 
nologies and materials are being developed to integrate piezoelectric (ferroelectric) 
materials in Micro Electro Mechanical Systems (MEMS). Electronic circuits are 
being integrated in one miniaturized electronic part. Ferroelectric ceramic mate- 
rials are commercially available and widely used today due to their competitive 
prices and good material properties. Together with the homogeneous systems (crys- 
tals and polymers) also the non-homogeneous electromechanical systems are under 
investigation. Along with piezoelectric ceramics and thin/thick films mainly the 
piezoelectric composites are widely studied for various applications. 


7.2 Desired Properties of Piezoelectric Materials 


Generally, actual material property requirements depend on the specific material 
application like sensor, actuator or transducer. Applicability for one case does not 
automatically mean applicability for another device. Based on the application design 
not only material form (crystal, ceramics, thin film) but also particular material 
choice must be done. As an example, following properties are desired in applications 
for force, pressure or accelerator sensors: 


low production costs (mass production) 

high piezoelectric coefficients (i.e. sensitivity) 

high mechanical resistance and stiffness as well as easy processing 
high insulation resistivity 
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e high time stability of material properties important in the specific application as 
well as their low dependence on other factors (mainly on the temperature and 
external stress) 

e linear relation between mechanical stress and electric polarization (electric 
displacement) 


Low production costs are required generally for any product. Manufacturing and 
processing technology is chosen with respect to the marketing needs of the product. 
Pricing is a crucial point for material and technology choice. 

High piezoelectric sensitivity is governed by the piezoelectric material coeffi- 
cients d; [CN-! ]. While piezoelectricity is limited only to the anisotropic materials, 
piezoelectric coefficients depend not only on the point group symmetry but also 
on the specific crystal cut orientation. Piezoelectric coefficient responsible for the 
device performance should be as high as possible. The other piezoelectric coeffi- 
cients could also contribute to the effect by the undesirable coupling. Low-symmetry 
materials are not desirable in applications because of it. Special requirements for the 
matrix of piezoelectric coefficients come from the sensors where more piezoelectric 
coefficients are substantial for the device function. 

High mechanical stiffness is necessary for short measurement process and high 
Eigenfrequency, which is higher for lower values of the elastic stiffness constant 
Su [m?N-!]. Anisotropy of the elastic properties for the plane of applied mechani- 
cal pressure results in the anisotropy of radial tensions. Because of this anisotropy 
the piezoelectric element is subjected to the complicated anisotropic stress, which 
could negatively influence the efficiency and reproducibility of measurement results. 
High mechanical toughness belongs to the important assumptions in measuring 
force, pressure and acceleration. Element toughness is also good for the device dura- 
bility with respect to the mechanical strikes. An easy mechanical processing allows 
for the simpler technology in piezoelectric element manufacturing. 

High isolation resistivity makes possible quasistatic measurements using piezo- 
electric sensors. Not only the specific resistivity of the piezoelectric material but 
also the surface quality must be carefully taken into account. Surface conductiv- 
ity is dependent on the surface treatment. Temperature dependence of the isolation 
resistivity is also very important in the piezoelectric element applications. Surface 
conductivity might be sharply dependent on the temperature, especially at the 
temperatures where some phase transition occurs. 

Time stability of material properties of the piezoelectric element is governed 
by the processes like ferrobielastic twinning in a-quartz or by the aging, which is 
very important in piezoelectric ceramics. Linear dependence of the polarization and 
mechanical stress in quartz is updated through the measurement of the third order 
material constants. Suppression of the twinning as well as the design of the tem- 
perature and pressure independent element efficiency is one of the most interesting 
physical and technical problems. Not only the material choice but also the element 
crystallographic orientation could contribute to the solution of this problem. 

Relating to the application needs material research and development takes place. 
Some of the materials used in the piezoelectric applications in early history are not 
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used today (e.g. Rochelle salt, Tourmaline, ADP, EDT etc.). They were replaced 
by other materials, which are more reliable for today's applications. There is one 
crystal material — quartz - keeping its extraordinary industrial importance from the 
beginning after the piezoelectricity has been discovered. Research and development 
of new materials takes place for various applications. The main features of such 
search are the energy consumption reduction, miniaturization and automation of 
sensor performance (smart materials and structures). 

This chapter is devoted to the short description of substantial material properties 
of piezoelectric substances. Values for the electromechanical material coefficients 
are summarized in tables. Materials were chosen according to their significance in 
technical applications. The most important crystal material — quartz — is discussed 
in the most details. Perspective new materials (GaPO4, berlinite and langasites) 
homeotypic to quartz are also briefly reviewed. Among the other crystal mate- 
rials, the most important group of perovskites is included. Extraordinary high 
piezoelectric coefficients have been reached recently in perovskite solid solutions 
PZN-PT and PMN-PT by domain-engineering technique. Also LiNbOs, LiTaOs and 
Li? B4O; crystals are technically important and perspective. Chapter provides also 
basic information on piezoelectric textures, i.e. on piezoelectric ceramics (mainly 
PZT type), thin films, ferroelectric polymers and composites. Such materials are not 
usually widely used for sensors (except PZT ceramics which covers wide range of 
practical applications), but for special applications in military, communication and 
ultrasound equipment. 


7.3 Quartz 


Quartz single-crystals are the most important crystals for measuring devices (see 
Tichý and Gautschi 1980 and references therein). Quartz chemical formula is S102 
(silica dioxide). Its structure is built by the tetrahedron of silica and oxide in the most 
of its modifications. Low-temperature modification (below 573°C) called o-quartz 
is mainly used in piezoelectric applications. o- Quartz belongs to the trigonal point 
group 32 (D$, P312). Three SiO» molecules build each unit cell. Three-fold axis is 
also called optical crystallographic c-axis. Three equivalent two-fold axes are per- 
pendicular to the three-fold axis. These are called electrical crystallographic a-axes. 
Lattice constants exhibit values of ag = 0.491267 nm and co = 0.540459 nm at room 
temperature. 

At the temperature of 573°C the structural phase transition takes place. High- 
temperature quartz modification (so called 8-quartz) belongs to the hexagonal 
point group 622. It is stable in the temperature range 573—870°C. Some authors 
use exactly opposite names for the quartz modifications — high-temperature phase 
above 573°C is named a-quartz and low-temperature phase below 573°C is called 
P-quartz. 

Phase transition between o- and f-quartz is of the displacive type. This phase 
transition originates fairly below the transition point through the enhancement of 
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the unit cell volume. The atoms in the crystallographic lattice will move continu- 
ously with increasing temperature in order to reach the highest possible symmetrical 
positions at the phase transition temperature. Soft-mode has been experimentally 
observed in the Raman spectrum of this phase transition for the first time ever. 

Other quartz modifications are called o -tridymite (stable in the temperature range 
from 870 to 1470*C) and crystoballite (stable from 1470°C to the melting point 
1710°C). Crystoballite is the most symmetrical quartz modification and has a cubic 
diamond structure. 


7.3.1 Coordinate System Choice 


a-Quartz exists in two crystal forms — right-handed and left-handed crystals. Point 
group of the right-handed quartz is P3521 contrary to the left-handed quartz with 
the point group P3421. Both forms are schematically depicted in Fig. 7.1. They 
differ by the position of the crystal trapezoidal faces, by the etching pattern, by 
the X-ray reflection positions from certain lattice planes and by the sense of the 
optical activity. Optical activity was the original reason for the quartz classification 
into the left-handed and right-handed enantiomorphous forms. Right-handed quartz 
rotates the plane of linearly polarized light propagating in the optical axis direc- 
tion clockwise while left-handed quartz crystal does it in the opposite direction, i.e. 
counterclockwise. 

There is not generally accepted rule for the choice of the coordinate system for 
right-handed and left-handed quartz crystals. Coordinate x-axis is chosen generally 
in the direction of electrical a-axis and z-axis is in the direction of the optical c-axis. 
Cady and several other authors use right-handed coordinate system for right-handed 
quartz and left-handed coordinate system for left-handed quartz. On the contrary, 
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Fig. 7.1 Two 
enantiomorphous forms of 
a-quartz — (a) left-handed, 
(b) right-handed. Coordinate 
system is drawn with respect 
to the crystallographic axes 
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Voigt uses right-handed coordinate system for both right-handed and left-handed 
quartz. The axes are oriented in the sense of positive c14,d11,€11, €14 and nega- 
tive $14, d14 coefficients for right-handed quartz. IRE Std. 1949 recommends the 
right-handed coordinate system for both right-handed and left-handed quartz crystal 
forms but the x-axis and y-axis are oriented in the opposite direction than by Voigt. 
New ANSI/IEEE Std. 176-1987 Standard on Piezoelectricity recommends also the 
right-handed coordinate system for both quartz enantiomorphs with negative d¡4 
in right-handed and positive dj4 in left-handed quartz. All elastic and dielectric 
coefficients have the same signs in both enantiomorphous forms. All piezoelectric 
coefficients have opposite signs in such coordinate system. 

According to the crystal variant and coordinate system choice, different signs 
for various material coefficients could be obtained. For the signs of the involved 
material coefficients in right-handed and left-handed quartz see Table 7.1. 

Definition of the crystal cut orientation is adopted according to the method used 
for piezoelectric resonators. Piezoelectric element is supposed in the form of paral- 
lelepiped of the length l, width w and thickness t (Fig. 7.2). Crystal cut orientation 
is described by the symbol containing information on the successive rotations about 
edges of the parallelepiped. Starting orientation of the piezoelectric element is 
described by the orientation of the element edges parallel to the coordinate x-, y- 
and z-axes. The first two letters in the symbol belong to the directions of the thick- 
ness and length (in this order) in starting element orientation. Information about the 
element edge and rotation angle follows. If more rotations are needed to describe 
element orientation they follow the first rotation symbol. Second (or third) rotation 
is done about the edge orientation resulting from the foregoing rotation. For the 
disc plate, the starting orientation of the element is specified using the thickness and 
radius directions involved in the element rotation. If no rotation is employed the 
thickness direction gives the complete information about the element orientation. 
Such notation for crystal cut orientation is not limited only to the quartz crystals but 
it is generally used also for other materials. 


Table 7.1 Coordinate system choice for the right-handed and left-handed quartz crystals. 
Abbreviations RH and LH mean right-handed and left-handed 


Voigt 
IEEE Std. 176-1978 
IRE Standard 1949 Cady ANSI/IEEE Std. 176-1987 
Quartz RH LH RH LH RH LH 
Coordinate system RH RH RH LH RH RH 
$14 T T E = = = 
C14 = = F + + T 
dii = + + + + — 
di4 = + = = = + 
€11 = + + + + = 


€14 T = T T T = 
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Fig. 7.2 Crystal element 
with the orientation (X Ya) £ 





7.3.2 Quartz's Material Properties 


Quartz is practically not soluble in water and moreover it is resistant to the most 
acids and bases. Melting point is 1710°C. Quartz’s hardness is 7 in Mohs scale. 
Density of a-quartz is 2649 kem ^? at room temperature. Various aspects of quartz 
crystal properties were recently reviewed (Brice 1985). 

Resistivity of a-quartz plates with respect to the mechanical stress is especially 
important in applications for the piezoelectric sensor components. Quartz's plate 
can withstand compressive stresses in the range up to 2-3 x 10? Pa depending on 
the plate orientation. The maximum stress resistivity of the quartz cylinder pressed 
between metallic plates is 2.75 x 10? Pa for the cylinder axis parallel to the optical 
c-axis and 2.7 x 10? Pa for the cylinder axis perpendicular to the c-axis. Stress direc- 
tion is supposed as parallel to the cylinder axis. Stress resistivity reaches even higher 
values of 4 x 10? Pa for the hydrostatic pressure applied to the probe. Resistivity 
with respect to the tension is substantially lower. It is 1.2 x 10? Pa for quartz bars 
with its length parallel to the optical c-axis and just 0.95 x 10? Pa for quartz bar 
with the length perpendicular to the c-axis. 

Thermal expansion coefficients are given in Table 7.2. They increase with the 
temperature. Average values yj; = 18.5 x 10-9K-! and @33 = 10.5 x 10 $K! 
can be used in calculations in the temperature range from 0 to 400°C (Fig. 7.3). 

a-Quartz is a very good insulator. Specific resistivity in the c-axis direction 
is 5-20 x 101? Qm for natural quartz crystals and 1-10 x 101% Qm for synthetic 
quartz. Specific resistivity decreases strongly with the temperature. It is exponen- 
tially dependent on the reciprocal temperature 1/0. Also the surface conductivity 
is especially important for the piezoelectric sensors. 

Linear electromechanical properties — elastic, piezoelectric and dielectric — 
including their temperature coefficients for a-quartz are summarized in Table 7.2. 
Temperature dependence of the piezoelectric coefficients d11,d14 1s moreover dis- 
played in Fig. 7.4. This temperature behavior is very important for the applications 
of quartz in sensors. 
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Table 7.2 Material properties of left-handed a-quartz. Convention for the tensor coordinates is 


after ANSI/IEEE Standard 176-1987 


a-SiO» (left-handed) 


E 
$11 


7.3.3 Synthetic Ouartz Crystals 


107!2m2N7! 


10? Nm? 


10712 CN! at 


m?C-! at 20°C 


Cm? at 20°C 


10? NC at 


£0 


20°C 


20°C 


Adiabatic (25°C) 


12.717 
— 1.807 
=1:235 
—4.521 
9.735 

19.985 
29.167 


86.80 
7.04 
11.91 
18.04 
105.75 
58:20 
39.88 


—2.30 
0.67 


—0.0578 
0.0182 


—0.171 
—0.041 


—4.36 
— 1.04 


4.514 
4.634 


4.428 
4.634 


Isotermic (25°C) 


12.809 
1775 
—1.218 
—4.52] 
9.743 
19.985 
29.167 


86.48 
6.72 
11.66 
18.04 
105.55 
58.20 
39.88 


Temperature coefficients 


Ts il 
Ts D 
Ts 13 
Ts m 
Ts; 
D Í 


E 
Ts66 


Zen 
Io 
Tct 
Tct, 
TU 
Te 
Teri 
Tdi; 
Td\4 
1311 
1814 


Ten 


Te14 


Thi 
Thi4 


1079K-! 
at 25°C 


1075 K^! 
at 25°C 


1074 K7! 
at 20°C 


10-4 K! 
at 20°C 


8.5 
—1296.5 
—168.8 
140.6 
139.7 
211.1 
-—I151,9 


—44.3 
—2690 
—550 
117 
—160 
—175.4 
187.6 


—2.15 
12.9 


—1.6 
—14.4 


0.5 
0.5 


13.71 
7.48 


After feldspar quartz is the most frequent mineral on the Earth. However the most 
important finding place of the natural quartz crystals in desired size and quality is 
located in Brazil. Growing demand for quartz crystals for resonators tend to the 


126 7 Piezoelectric Materials 


Fig. 7.3 Temperature 
dependence of the thermal 
expansion coefficients in 
quartz 
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Fig. 7.4 Temperature 
dependence of the 
piezoelectric coefficients of 
a-quartz (for left-handed 
crystal) 
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extensive search for other piezoelectric materials during and after the World War II. 
Also the hydrothermal method for synthetic quartz crystal growth was developed. 
Crystals grow in thick-walled autoclave at very high pressures 0.3-1.3 kbar and high 
temperatures about 400°C. Water with small amount of Na2CO3 or NaOH serves 
as a solvent. Substance is transported mainly by the convection. Big quartz crystals 
weighing more than 1 kg require several weeks for their growth. Quartz crystal 
technology is discussed by Heising (see Tichy and Gautschi 1980 and references 
therein) in details (Figs. 7.5, 7.6). 


Fig. 7.5. Synthetic quartz 
crystal (Courtesy of Kistler) 
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Fig. 7.6 Quartz crystals 
pulled out of autoclave 
(Courtesy of Salford 
Electrical Instrument) 
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Fig. 7.7 (a) Projection of Si-atoms in o-quartz lattice to the (0001)-plane (simplified). 
(b) Dauphiné twins: one twin crystal is left from the twinning interface CD, second twin crys- 
tal is right from it and rotated by 60% about the optical c-axis. (c) Lattice structure of 6-quartz 


7.3.4 Twinning 


Due to the possibility of two enantiomorphous forms of a-quartz several types of 
twin crystal may appear — Brazilian, Dauphiné and Japanese twins. 

Brazilian twin is built by one right-handed and one left-handed quartz crystal 
grown together on (1120) facet of both rhombohedra. The optical c-axes remain 
parallel for both twinned crystals. Plane of the polarized light propagated in the 
c-axis direction [0001] is rotated in opposite direction in both twins. Due to this 
property, Brazilian twins are also called the optical twins. 

Dauphiné twins are built by two right-handed (or two left-handed) quartz crys- 
tals rotated by 60% about the optical c-axis and grown together (Figs. 7.7 and 7.9). 
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Optical c-axes are parallel but the electrical a-axes are exactly antiparallel in both 
twins. Due to this property, Dauphiné twins are also called the electrical twins. 

Japanese twin could be built by two right-handed, by two left-handed or by one 
right- and one left-handed quartz crystal. Optical axes in both twins contain an angle 
of 84°33’. 

Brazilian as well as Japanese twin from one right- and one left-handed quartz 
crystals are mirror twins. Crystallographic lattices of both twins cannot be related 
by any rotation. Because of that they cannot be also raised by any external activ- 
ity e.g. by the mechanical force. On the contrary, the crystallographic lattices in 
Dauphiné twin are rotated with respect to the other. Twins of such type could be 
raised in a-quartz crystal not containing twins by the external influence. Such pro- 
cess is called secondary twinning. Also for Japanese twins built by two right-handed 
or two left-handed quartz crystals both crystallographic lattices are related by the 
rotation. Rotation is about the axis perpendicular to the twinning plane by 180°. 
Following theory the secondary Japanese twins could be created by the force acting 
in (1122) plane. But only Dauphiné twins are observed in such experiments. 

Secondary twinning is not accompanied by any shape change of the crystal. It 
is only possible if the Gibbs thermodynamic potential decreases. Following tensor 
coordinates of dj, and s;,, change sign (see coordinates in brackets) in second twin 
crystal 


[di] [-di1] [0] dia 0 [0] 
[0] [0] [0] 0 —di4 [-2dii] (7.1) 
0 0 O [O0] [0] 0 


$11 s12 $13 [sul [0] 0 
si? $11 $13 [—s14] [0] 0 
513 $13 833 [0] [0] 0 
ul Ea dO] e 9 [0] p 


[0] [0] [9] 0 S44 [2514] 
0 0 0 [0] [2514] 2511 — 512) 


Let us denote the value of the Gibbs thermodynamic potential per unit volume for 
the first G(1) and second G(2) twin crystal. Twinning is possible under the condition 
(see Eqs. (5.80) and (5.81)) 


AG = G(2) — G(1) = 2s14(T1 T4 — ToT4 4-2T5Tg) 4-2dj1(E4 T] — E To —2E5Tg) < 0 
(7.3) 
a-Quartz belongs to ferrobielastic class of secondary ferroics. 

X-cut of quartz belongs to the mostly used quartz elements for piezoelectric 
transducers. Uniaxial stress 7; Æ 0 in the x-axis direction does not induce any twin- 
ning because the condition Eq. (7.3) is not satisfied. Gibbs thermodynamic potential 
does not change under this uniaxial stress. But the twinning is experimentally 
observed at room temperature for stresses 5-9 x 10? Pa in the laboratory samples as 
well as for transducers. This must be a consequence of multiaxial stress created due 
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to the different transversal strain in the sample and in the jaws. Twinning takes place 
at decreasing stresses for the increasing temperature. It could be observed even at no 
mechanical load for the temperatures closely below the phase transition temperature 
573 C: 

Etching figures show the evidence for Dauphiné twinning (Figs. 7.8 and 7.9). 
Quartz samples could be etched in hydrofluoride acid. Different twin crystals are 
visualized under bias light due to the different reflection intensity from (hkl) and 
(hkl) lattice planes. Twinning is accompanied also by the stepwise change in the 
piezoelectric properties. This is clearly observed in the behavior of the electric dis- 
placement D; on the mechanical stress T; (e.g. using X-Y recorder). Except that 
the twinning can be observed also in the polarized light and by using Schlieren 
technique. 

It was recognized that the twins generated by the mechanical stress could com- 
pletely disappear after the mechanical load disappears. Such reversible twinning 
in quartz's X-cut pressed in the direction of its thickness (Fig. 7.10) 1s displayed 
schematically in Fig. 7.11a. Electric displacement Dı follows the linear relation 





Fig. 7.8 Typical idealized microscopic etch figures (top view) on X-cut of right-handed quartz. 
Coordinate axes are defined for the right-handed quartz. (a) first twin crystal, (b) second twin 
crystal 


Fig. 7.9 Dauphiné twins in 
quartz X-cut observed in bias 
light after etching. (Courtesy 
of Kistler Company) 
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Fig. 7.10 Experimental 

set-up for the twinning 

studies (schematically) Q... 

quartz element, P1 and P2. .. 

press jaws, A... piezoelectric 

transducer for the force P, 
measurement 
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Fig. 7.11 An electric displacement D as a function of the mechanical stress T; (schematically). 
(a) Fully reversible twinning, (b) Partially stable twins 


Dı = dí, (O)T| up to the point A. Proportionality factor d": (O) is the effective 
piezoelectric coefficient of quartz plate including the multiaxial stress distribution 
due to the contact between metallic jaws and the quartz plate. Twinning takes place 
in point A. Twinning means the different orientation of both twinned crystals. This 
leads to the stepwise decrease of D, to the point B. Twins created in this step remain 
stable under subsequent mechanical load up to the point C with smaller effective 
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piezoelectric coefficient df, (B). Another twinning takes place between points C and 
D again. The electric displacement decreases stepwise at corresponding mechanical 
stress. Also the effective piezoelectric coefficient d (D) decreases with respect to 
the previous value (d (D) < df, (B) < dj, (O)). 

At the decreasing stress Tı the electric displacement D, is proportional to T1 
with the effective piezoelectric coefficient dj, (D). New effect occurs in point E. 
The increments of the electric displacement D, decrease with further decrease in the 
mechanical stress T, due to the reverse de-twinning. Simultaneously, the effective 
piezoelectric coefficient dn increases. De-twinning is fully finished at a point F 
where the effective piezoelectric coefficient reaches its previous value d^ (O). If the 
mechanical stress T, is further lowered from the point F to zero, the quartz plate 
behave like before the twinning. 

Result of the twinning between points A and B (C and D) depends also on time 
how long the mechanical load is applied. If the twinning time is longer the larger 
twinned regions will be created. Also the more stable twins might appear after 
longer mechanical load. Contrary to the dependence of D, on T3 (Fig. 7.11a) for 
fully reversible twinning the different dependence is observed (Fig. 7.11b) for stable 
twins. Reverse de-twinning between points E” and F” is distributed over wide range 
of Ti. Point F lies below the line OA’ for the initial twinning. This suggests that not 
all twins are fully reversible. As a consequence the present twins contribute to the 
decrease of the effective piezoelectric coefficient of quartz element. Twins might be 
visualized by the etching pattern. Creation of the stable twins might be enabled also 
by the higher magnitude of the mechanical load or by the higher temperatures. 

As mentioned earlier the multiaxial stress (except Tı also T5, T3,..., Tg com- 
ponents) might be responsible for the twinning in quartz's X-cut plate under the 
mechanical stress T1 in the x-axis direction. Friction between quartz plate and press 
jaws might generate local plastic deformation. Multiaxial stress distribution for 
decreasing/increasing mechanical load is not necessarily identical even for the same 
applied force. Mechanical stress distribution could fulfill the thermodynamic con- 
dition for twinning (at increasing stress) or for reverse de-twinning (at decreasing 
stress). 

It is known from optical observations that twinning begins at the position with 
the highest concentration of the stress. These points are mostly located at the contact 
between quartz plate and the jaws or at various internal material defects. First the 
twin grows in the x-axis direction and subsequently it extends in z-axis direction. 
Boundaries of the twin are mostly straightforward in the etching figures at room 
temperature, but they might be of irregular shape at higher temperature. 


7.3.5 Suppression of the Secondary Twinning 
Arbitrarily oriented (with respect to the crystallographic axes) uniaxial mechanical 


stress could the twinning initiate (AG < 0) or suppress (AG > 0). Let us define the 
coordinate system (Ox, x,x%) rotated with respect to the crystallographic coordinates 


132 7  Piezoelectric Materials 
Ox, XX. Rotation is described as a subsequent rotation by an angle ¿ about x3-axis 
and by an angle £ about the previously rotated x-axis. The uniaxial stress has only 


one component 75 in the x5-axis direction. An electric field is supposed to be zero. 
An increment of the Gibbs potential density for the twinning is expressed as 


l ; 
AG = z(s(D) — EID (7.4) 


The complete rotation matrix for the rotation mentioned above is 


cos ¢ sin £ 0 
—sinécosé cosfécosé sing (7.5) 
sing sin  —cos£ sin cosé 


Using the rotation matrix Eq. (7.5) we can transform the elastic constants s,(1) 
and s> (2) to the rotated coordinate system. The elastic constant components differ 
only in the signs of several terms which are in brackets in Eq. (7.2). Following 
expressions are obtained 


Asha = s> (1) — $5,(2) = —4 cos 3¢ sin £ cos? £ s14 (7.6) 
and 
/ 
AG = —2 cos 3¢ sin £ cos? E si T (7.7) 


Value of the function Q(¿, £) = cos 32 sin £ cos? £ determines the condition for the 
twinning. Taking into account si4 > O for quartz the twinning is suppressed for 
2 < 0. Value of Q is a measure of the tendency for twinning under uniaxial stress. 
If the function $2 reaches its minimum value 


Q = min. (7.8) 


the twinning is expected to be suppressed in the largest extent. Twinning is enabled 
for the positive values of Q. The dependence of the tendency for twinning on the 
stress distribution might be used for mechanical de-twinning of quartz crystals, 
especially of the natural quartz. 

The condition for the maximum twinning suppression is fulfilled for example for 
the quartz bar of the orientation (X Ya) 150° for the transversal piezoelectric effect. 
The mechanical load is applied in the direction of rotated length axis x, at this 
time. Electrodes cover the surfaces perpendicular to the x,-axis. Condition Eq. (7.8) 
cannot be fulfilled for the quartz elements for the longitudinal piezoelectric effect at 
all. The longitudinal piezoelectric coefficient is equal to zero for such orientations. 
Practical application must be designed in order to get the twinning suppression as 
high as possible simultaneously with sufficient piezoelectric coefficient. 

Such twinning suppression through the appropriate choice of the crystallographic 
element orientation was experimentally proven. On the contrary, this orientation 
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choice generates further problems. The rotation of the coordinate system related to 
the element axes increases the number of non-zero components in the transformed 
piezoelectric coefficient tensor. It means that the additional mechanical stresses 
(contrary to the quartz X-cut plate) may also contribute to the piezoelectric effect 
for the element. Such element shows unwanted piezoelectric shear- and transver- 
sal coefficients except the effect to be exploited in sensor. These effects must be 
compensated by further special arrangement. 

It would be certainly highly desirable to increase twinning suppression in quartz 
X-plate in the application for sensors. Another possible way is to increase the 
load limit below which no twinning takes place. Thermodynamics offers basically 
two possibilities for that. Either the radial pre-stress in suitable direction tends to 
AG > 0 for negative 7; values, or the jaw material is chosen in order to mini- 
mize the unwanted multiaxial stresses. Both methods were not realized practically 
up to now. 


7.3.6 Temperature Dependence of Piezoelectric Coefficients 


Temperature dependence of the piezoelectric dı; and d¡4 coefficients is displayed 
in Fig. 7.4. The piezoelectric coefficient of X-cut and XY-cut (it is dio = —d;¡1 
for quartz) for transversal effect is changing significantly (decreasing) with increas- 
ing temperature. Second independent piezoelectric coefficient d14 contributes in an 
opposite sense (see Fig. 7.4). It makes possible to find special quartz cut orientation 
with compensated temperature dependence in transversal mode. Piezoelectric coef- 
ficient is independent on the temperature for such cut practically in certain limited 
temperature range. 

Calculation of the desired crystal cut orientation is simple. Let us suppose quartz 
cut (X Ya)£ (working in transversal mode) with the length y'-axis rotated by an angle 
£ about the crystallographic x-axis. The rotated components of the piezoelectric 
tensor can be calculated using Eqs. (5.10) and (5.15) 


di, = —di cos? £ + dia sin £ cos £ (7.9) 


Zero temperature coefficient Td iz; i.e. zero temperature derivative of dia sets the 
condition for the cut orientation 


odii 


tan£ — y d (7.10) 


9€ 





Temperature coefficient of dj, 1s defined as 





Tdi = — — (7.11) 
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Optimum temperature compensated cut orientation is given by 


| duTdy 


= (7.12) 
d14Td14 


tan š 


The temperature coefficients 7d¡1 and Tdj4 might depend also on the temperature 
themselves. Temperature compensated cut orientation (condition Td}, = 0) is exact 
for certain temperature only. The cut orientation £ ~ 155° is calculated from the 
average temperature coefficients Td; and Tdia over the temperature range from 0 to 
400°C. Corresponding piezoelectric coefficient for such cut reaches d}, = —2.15 x 
10- 2CN- (for left-handed quartz) which is about 93% of dit value. 

Our assumption is valid only for ideal uniaxial stress distribution along the 
element length. Mutual interaction between quartz element and the press jaws gen- 
erates multiaxial stresses (i.e. partially mechanically clamped element) in reality. 
Because of it, the smallest temperature dependence of quartz element takes place 
for higher rotation angle. If only the strain in the direction of length axis (S2 Æ 0) is 
non-zero the optimum angle is given by 


tanë = ———— (7.13) 


contrary to the value calculated from Eq. (7.12). Condition Eq. (7.13) give us the 
angle £ ~ 165°. This value may be considered as an upper limit for the temperature 
compensated quartz element (working in transversal mode) orientation. At the same 
time such quartz element shows acceptable resistivity against the twinning. Similar 
temperature compensated quartz cuts are not possible in longitudinal mode. Rotated 
piezoelectric coefficient depends on the coefficient dj; only. Small correction is 
possible by using partially clamped quartz element. 


7.3.7 Nonlinear Electromechanical Properties of a-quartz 


Quartz was one of the first crystals where the electro-optic effect was discovered. 
Its electrooptic coefficients are £111 = 2.2 x 10-2 FV-1, £441 = 52 x 10 FV-, 
rij =4.7 x 10 PmV^l and rjj = 1.9 x 10 mV, 

An electrostriction in o-quartz is small. Electrostriction could be demonstrated 
in the direction of the optical c-axis by the simplest way. Only the electrostrictive 
deformation is generated by an electric field Es in this direction. There is a zero 
piezoelectric coefficient d33 = O without an electric field Ez in this direction. The 
electric field Es generates piezoelectric coefficient d33 proportional to this electric 
field. Corresponding component of the electrostrictive coefficient exhibits the value 
of 03333 = 3 x 10 22m2 V 2, An electric field of the magnitude of 10? Vm `! 
must be used to induce the same piezoelectric effect in Z-cut like it is present in 
X-cut of a-quartz. Substantially higher electrostriction effect is observed in some 
ferroelectric crystals. 
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Table 7.3 Structure of the tensor components for some of the non-linear material properties in 
quartz (32) 


Electrostriction Electro-optical coefficient 
Qi; Qi? Qi Qua 0 0 ril 0 0 
Qi? Qu O13 —O14 0 0 = 0 Ü 
Q31 Q31 Q33 0 0 0 0 0 0 
Qa —Q41 O Q4 0 0 r4] 0 0 
0 0 0 O Qa 204 O =r 0 
0 0 0 0 Qiu 01101 0 —2r11 Ü 

Elasto-optical coefficient Piezo-optical coefficient 
Pil P12 P138 P14 0 0 711 T12 7013 N14 0 0 
p Pu pis —pi4 0 0 ma Ta ma — ma Ü 0 
P31 pai pas 0 0 0 131 3| 33 0 0 0 
Pai —pa O pa 0 0 741 —T41 O 74 0 0 
0 0 0 O pag Pa1 0 0 0 O Tas 2741 
0 0 0 0 pu ipi-p) 0 0 0 Ü 74 7011 — 712 


Table 7.4 Piezo-optical, elasto-optical, electro-elastic coefficients and elastic coefficients of third 
order for o-quartz (Blistanov et al. 1982) 


Piezo-optical Elasto-electric 
coefficients Elasto-optical coefficients Third order elastic moduli 
[10712 m^N^!] coefficients [1] [10 7? Cm^N 2] [10!! Nm 2] 


"EI 1.35 P11 0.137 8111 —6.23 C111 —2.10 C134 0.02 


Jt 12 2.69 P12 0.249 8131 —9.48 C112 —3.47 C144 —1.34 
T13 1.94 P13 0.258 8141 15.14 C113 0.13 C155 —2.00 
IT 14 —0.11 P14 —0.029 8221 0.58 C114 —1.63 C222 —3.32 
TT 31 3.11 P31 0.257 8241 —2.46 C123 —2.94 C333 —8.16 
T33 0.07 P33 0.0973 8341 —2.89 C124 —0.15 C344 —].11 
TA] —0.34 P41 —0.042 8441 —21.00 C122 —3.11 C444 —2.15 
JU 44 —1.13 P44 —0.0685 8153 1.14 


For the structure of tensor components of the nonlinear material coefficient see 
Table 7.3. Piezo-optical, elasto-optical and electro-elastic coefficients for o-quartz 
are listed in Table 7.4. 


7.3.8 Piezoelectric Properties of B-quartz 


There is only one independent piezoelectric coefficient for B-quartz. Structure of 
the piezoelectric tensor components is following 


000 
000 0 —du 0 (7.14) 
000 0 
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Table 7.5 Elastic constants and thermal expansion coefficients of B-quartz at 600°C (Blistanov 
et al. (1982)) 


si 107 m^mN! 941 ch | I0 Nm? 1164 
35 —0.60 chy 16.2 
es —2.63 ch 32.9 
514 Cia 

CR 10.00 ch 110.7 
S. 27.78 cy 36.0 
See Uc. 50.1 
oj — 10 9K^ 29.71 a 10 "an 5.038 


033 17.08 b 5.460 


and corresponds to the crystallographic symmetry. After dynamic measurements 
of Cook and Weissler the piezoelectric coefficient dia = —1.86 x 107! CN! at 
612°C has been measured. An average temperature coefficient reaches the value of 
Tdia = —12.8 x 10 K! in the temperature range from 585 to 626°C. Newer 
measurements (Noge and Uno 1998) show the values of e14, c44 and c66 in the 
temperature range from 600 to 1000°C. The absolute value of e14 is about twice the 
value for o-quartz. For elastic constants and thermal expansion of -quartz see data 
in Table 7.5. 

The application of 6-quartz for piezoelectric resonators was studied by White 
(Tichy and Gautschi 1980 and references therein). His results could be partially 
used also for sensors. 

Sensors for the transversal or shear mode applications could be basically made 
from f-quartz. The maximum piezoelectric coefficient reaches its value dj; = 
—0.93 x 107!2CN7! for the (XYa) 45° cut orientation. Sensor with such element 
orientation does not loose its piezoelectric properties also near the o- quartz phase 
transition. 


7.4 Crystals Homeotypic to Quartz 


Among the crystals with the same crystallographic symmetry like o-quartz (sym- 
metry group 32) crystals of gallium orthophosphate (GaPO4), berlinite (AIPO4) and 
langasites (LGS's) attracted the most attention. Their possible application advan- 
tages with respect to quartz is the wider temperature range without any phase 
transition (e.g. for GaPO4 up to 900°C contrary to quartz with 550°C). Homeotypic 
crystals are supposed to replace quartz crystals for high temperature applications. 
For the comparison of the performance of crystals, homeotypic to quartz see 
Schwartzel et al. (1994). 
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7.4.1 Gallium Orthophosphate (GaPO4) 


Crystals are grown by hydrothermal growth method. œ- to 6-Quartz like transi- 
tion takes place at 950°C in this material. Material properties and their temperature 
coefficients see Table 7.6. 

Gallium orthophosphate exhibits electromechanical coupling factor and longitu- 
dinal piezoelectric coefficient higher than quartz. Also the stress-induced twinning 
was not observed in GaPO, crystals (Krempl et al. 1997). Temperature coefficients 
published in different references show conflicting values (Wallnófer et al. 1993: 
Krempl et al. 1995: GaPO, Materials data sheet) with respect to the temperature 


Table 7.6 Material properties of gallium orthophosphate GaPO4 (Krempl, Schleinzer and 
Wallnófer (1997)) and berlinite AIPO, (Bailey et al. 1982; Blistanov et al. 1982; Detaint et al. 
1979) 


Temperature 
Property GaPO4 AIPO4 coefficients GaPO4 AIPO4 
di 10-'2CN7! 45 2.87 Tdi 10-°K-! 44 
di4 1.9 2.20 Tda —622 
em Cm ^ 0.14 Te; 10 K7! —266 
e14 0.02 Te14 —561 
cu 10 Pa 6.658 6931 Tcl 1076K!  —63 —77.8 
E. 2.181 1.051 T6 —335 —1409 
ce 2487 1.349 Te}, -183  -1272 
Ga 0.391 | —1299 Tc 825 62.4 
D. 10.213 8.862 Tc}, —135  —223.5 
Cn 3.766 4302 Te, —62 —169.74 
ee 2238 2.940 Teck 69 88.74 
£1, E0 6.1 4.8 fey 2079 K^ 15.9 
É 6.6 4.8 T£33 9.7 
EN 5.8 4.7 
Ë. 6.6 4.8 
oj 1079 K7! 12.8 15.9 
033 3.7 9.7 
p kgm 3570 2620 
a 107? m 4.9001 4.943 


e 11.048 10.974 
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range used for their calculation. Temperature compensated cuts exist for both BAW 
and SAW applications. Uncooled pressure sensor for combustion engines is already 
on the market (Krempl et al. 1997). 


7.4.2 Berlinite (AIPO¿) 


Berlinite crystals are very much similar to quartz. Structural phase change takes 
place at the temperature 584°C (Blistanov et al. 1982). For material properties 
see Table 7.6. Similarly to quartz berlinite crystals undergo œ- to 6-phase transi- 
tion. Crystals are grown by hydrothermal method (Detaint et al. 1985; Motchany 
and Chvanski 2001) Berlinite crystals exhibit higher electromechanical coupling 
coefficient than quartz. 


7.4.3 Crystals of CGG Group (Langasite, Langanite, Langataite) 


In the last two decades, new group of materials isomorphous with quartz has been 
developed and studied originally for laser applications. Crystals have a structure 
of Ca3Ga»Ge40,4 (CGG). They belong to the point group 32, space group P321 
(Schoenflies symbol D3). Crystals are not pyroelectric. All the theory developed 
originally for quartz crystals could be used in designing applications for CGG family 
crystals. Large number of compounds has been synthetized among them lanthanum 
gallium silicate La3GasSiO;4 (LGS, langasite), La3Gas 5Nbo. 5014 (LGN, langan- 
ite) and La3Gas 5Tap. 5014 (LGT, langataite) are the most important. Other members 
of the CGG family are e.g. crystals of Sr3Ga2Ge14014 (SGG) or La3GasGe0O ¡4 
(LGG). Among the main advantages of these materials higher piezoelectric and 
electromechanical coupling constants than in quartz should be pointed out. The 
absence of the phase transformation between the melting point (e.g.1470*C for 
LGS) and the room temperature makes these materials attractive for applications. 
These properties suggest the utilization of langasite materials for high tempera- 
ture applications in BAW and SAW devices (Grouzinenko and Bezdelkin 1992; 
Ssakharov et al. 1992). 

Electromechanical coupling coefficient is higher for LGS than for quartz. Some 
of the LGS non-linear material coefficients are published in Sorokin et al. (1996). 
Temperature coefficients published by different authors show values widely scat- 
tered. For material properties and their temperature coefficients see Tables 7.7 and 
7.8. (Adachi et al. 1999; Bohm et al. 1999, 2000; Ilyaev et al. 1986 Kaminskii et al. 
1983a,b, 1984; Onozato et al. 2000; Pisarevskii et al. 1998; Silvestrova et al. 1986, 
1987, 1993; Sorokin et al. 1996). 


7.5 Tourmaline 


Tourmaline is a complicated natural mineral of the comprehensive chemical formula 
(Na,Ca)(Mg,Fe)53 B3 AlgSig(O,OH,F)3;. There are several modifications different in 
structure and in doping substances, which cause also different color of this mineral. 
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Table 7.7 Material properties of CGG family crystals 


Property CGG SGG LGS LGN LGT 


di 10712 CN-!  —5.33 —9.12 6.15 7.41 7.06 
dia 2.26 6.73 —6.01 —6.16 —4.32 
eil Cm”? —0.34 —0.57 0.43 0.51 0.51 
e14 0.0014 0.055 015 —0.11 —0.028 
k1o % 14.28 25.8 16 16 
Ka 8.7 13 8 8 
ko6 11.5 25.7 13.4 13.98 
koa 3.2 10.95 8 8 
D 101% Pa 15.55 15.55 18.98 18.93 18.89 
E) 8.67 8.16 10.58 10.89 10.86 
Ga 7.29 7.55 10.22 9.93 10.44 
e 0.95 1.78 1.44 1.34 1.37 
e 23.96 20.86 26.35 25.97 26.45 
er 4.55 5.6 5.42 4.98 5.13 
ce 3.44 3.7 4.20 4.02 4.02 
a 1072 Par! 10.25 10.72 8.86 9.08 9.18 
855 —5.19 =5 24 ADA —4.58 —4.53 
Sa —1.54 —1.99 —1.79 —1.72 —1.84 
mi —3.23 —5.06 —3.48 —3.68 —3.66 
Cn SRI 6.23 5.19 5:17 523 
UA 23.33 21.05 20.32 22.08 21.45 
e. 30.87 31.92 26.19 27.35 27.31 
En £0 15.4 13.8 19.2 20.7 19.6 
gi. 24.1 18.21 50.7 79.0 76.5 
0 kem 3 4589 5087 5670 5815 6056 
a 10719 m 8.076 8.270 8.162 8.231 8.234 
c 4.974 5.040 5.087 5.129 5.125 
Om ue 1370 1370 1470 
References Kaminski  Kaminski — Bohm et al. Bohm et al. Bohm 
et al. et al. (1999, 2000); (1999, 2000); etal. 
(1984) (1984) Kaminski Silvestrova (1999, 
et al. et al. (1987) 2000) 
(1983a,b); 
Silvestrova 


et al. (1987) 
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Table 7.8 Temperature 
Temperature coefficients LGS LGT 


coefficients and thermal 
expansion of La3GasSiO;4 E 6 v-1 i 
(LGS) (Adachi et al. 1999; He BE Ln n 
Silvestrova et al. 1986) and (a —320 —137 
La3Gas,5Tao,5O14 (LGT) Tc, —16.9 —26.3 
(Onozato et al. 2000) crystals » 
at room temperature Tcu —300 —390 
E 
Tc, —9.19 —74.1 
Tei —60.0 —16.1 
E 
Tcó —1.42 25.6 
Tel 613 —42.6 
Te14 — 1357 —135 
ns 190 36.7 
S 
Te33 —761 —1550 
011 5.84 
033 4.03 


Other tourmaline crystals contain Cr and Li atoms what make their characteristic 
color. Tourmaline crystals doped by Fe are black. 

Although tourmaline has a trigonal 3m symmetry (which permits ferroelectricity) 
it is not ferroelectric. 3-fold axis is a polar axis (defined as crystallographic z-axis 
in coordinate system Fig. 7.12). Positive direction of z-axis is defined as a direc- 
tion from the origin of the coordinate system to the negative piezoelectric charge 
generated through the tension (S4 > 0). Lattice constants vary with chemical com- 
position ay = 1.582-1.599 nm, co = 0.708—0.720 nm. Density is o = 3.0-3.2 x 10° 
kem ^? (it is higher for higher Fe content). Tourmaline is resistant with respect to 
the mechanical stress and it can withstand chemicals like the most acids and bases 
(Table 7.9). 

Tourmaline crystals cannot build bicrystals what is especially important in piezo- 
electric sensors. This property allows for the application of tourmaline sensors in 





Fig. 7.12 Tourmaline crystal 


7.5 Tourmaline 


141 


Table 7.9 Material properties of tourmaline (Tichy and Gautschi 1980 and references therein), 
LiNbO; and LiTaO3. Only the independent material coefficients for symmetry class 3m are listed 


Material property 


Gc 


"S 


10!! Pa 


10712 Pa”! 


10712 CN! 


£0 


kem 


Tourmaline 


3100 


LiNbO; 


1210 


2.03 
0.53 
0.75 
0.09 
2.45 
0.60 
0.75 


5.78 
—1.01 
—1.47 
—1.02 
5.02 
17.0 
13.6 


68 
21 


4630 


LiTaO 3 


665 


2.28 
0.31 
0.74 
—0.12 
2.11 
0.96 
0.98 


4.86 
—0.29 
—].24 
0.63 
4.36 
10.5 
10.3 


26 
8.5 
—3.0 
02 


2.7 
2.0 
—0.1 
20 


23 
=} 


7454 


the wide temperature range up to 600°C. On the contrary, the pyroelectricity is a big 
drawback for this material. Pyroelectric coefficient is temperature dependent 


p3 = {3.77 + 0.03 K -1(@ — 18?C))107 Cm? K^! 


(7.15) 


Z-cut is the most important in possible applications. Elastic modulus c33 (in the 
direction of z-cut thickness) is 1.85 times bigger than cj; in quartz. Another 
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advantage is the elastic and thermal expansion coefficient isotropy in the plane nor- 
mal to 3-fold axis. Poisson's ratio 513/533 —523/533 = — 0.026 is very small. Also 
the thermal expansion coefficient is smaller than in o-quartz; it is 411 = (3.583 + 
4.490 x 10.?2K 189) x 10 9K 1, oas = (8.624+5.625 x 10 2K 18) x 10 9K ^! in 
the temperature range © = 0—320*C. Tourmaline crystals are sensitive to the cracks 
what makes manufacturing of tourmaline elements especially difficult. 


7.6 Lithium niobate (LiNbOz3) and Lithium tantalate (LiTaO3) 


Both crystals belong to 3m — 3m ferroelectric species and exhibit high Curie tem- 
perature (1210°C for LINbOs, 665°C for LiTaO3). Due to the symmetry, only two 
domain variants could exist in both materials. Spontaneous polarization vectors are 


Fig. 7.13 Temperature 
dependence of the 
piezoelectric coefficients d33, 
d31, d?» and d¡5 for LiNbOs3. 
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oriented in <001>-direction. Only 180?-domain walls are possible. Domain struc- 
ture is very stable at room temperature. These crystals are used as optical modulators 
(second harmomic generation) especially in periodically poled domain structures. 
Doped LiNbO; crystals are also used in applications for lasers. Sensor applications 
of LINbOs are mainly for the high temperature sensors. Temperature coefficients for 
piezoelectric coefficients are small (Fig. 7.13) far from Curie temperature. LiTaO3 
is used in pyroelectric sensors (Bhalla et al. 2000). 


7.7 Lithium Tetraborate (Li,B40») 


Lithium tetraborate (LBO) crystals are grown by Czochralski or Bridgman tech- 
nique (Gualtieri et al. 1992). Crystal belongs to the tetragonal 4mm symmetry class 
(i.e. /41cd; see Shi-Ji Fan 1993). As a consequence of the symmetry, crystal is 
piezoelectric, pyroelectric, optically uniaxial, not enantiomorphic and subject to 
growth twinning (Gualtieri et al. 1992). Crystal is not ferroelectric (1.e. poling is 
not required to induce macroscopic piezoelectricity). For the material properties see 
Table 7.10. (Differences are between material data taken from different literature 
sources, e.g. Emin and Werner 1983). Material coefficients from different sources 
are compared by Kosinski et al. 1994. It is worth mentioning that the electrome- 
chanical coupling factors reach values of 21%, 9.3% and 42% for kis, k31 and k33 
(Adachi et al. 1985) what is more than for quartz crystals. 


Table 7.10 Material properties of Li2B4O; (LBO) crystal (Adachi et al. 1985) at room 


temperature 
Li»B407 Temperature coefficients 
e15 Cm 2 0.472 Teis 1076 K7! —1050 
e3] 0.290 Te3i —573 
C33 0.928 Te33 —600 
E 10 Pa 13.5 Tei 1078 K7! —81.1 
Ci 0.357 TC, 3370 
ë; 3.35 To. 465 
(s 5.68 To 364 
6 5.85 IU. —18.1 
es 4.67 Toce -272 
ET £0 8.90 TET 10 K7! 97.1 
p 8.07 i. 545 


011 1079 k71 11.1 
033 —3.74 


p kgm 2439 
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Material is studied also in thin film form fabricated by sol-gel technique 
(Gualtieri et al. 1992). Melting point is 917°C. It dissolves easily in acids, slowly in 
bases and in hot water. It does not dissolve in organic solvents. For the phase dia- 
gram of LizO-B203 see Uda et al. (1997). Temperature dependences of piezoelectric 
coefficients d33, dai and elastic compliances uds T T ee E and D in the 
temperature range from room temperature to 200?C are given by Jung et al. (1997). 
Birefringence measurements as a function of temperature are reported by Kushnir 
et al. (1999). 

Crystals are used in high-frequency SAW and BAW applications (Adachi et al. 
1985). As the most promising advantages could serve low (zero) temperature coef- 
ficient of frequency and delay and high electromechanical coupling (Adachi et al. 
1985; Bohaty et al. 1989). Piezoelectric coefficient is higher than for quartz crys- 
tals (Adachi et al. 1985, Bohaty et al. 1989) and LBO exhibits also high O value 
(Kosinski et al. 1994). In SAW applications this material allows for miniaturization. 


7.8 Perovskite Structure 


Materials of this structure got the name after the mineral perovskite (CaT103) (Jona 
and Shirane 1993; Bhalla et al. 2000). Large number of compounds belongs to this 
material group with common chemical formula ABO3. The atomic site A in the 
structure is occupied by a monovalent, divalent or trivalent metal, B site by a pen- 
tavalent, tetravalent or trivalent element (for the perovskite unit cell see Fig. 7.14.). 
Although the ferroelectricity has been found mainly for double oxides (e.g. BaTiOs, 
KNbO3, PbT103, KTaO; etc.) also e.g. the double fluoride structures (e.g. KMgF3, 
KZnF3) belong to the perovskites. To the mostly used or studied ferroelectric 
perovskite materials belong 


e pure compounds BaTiOs, KNbO3, PbTiO;, etc. 
e solid solutions PZN-PT, PMN-PT, PZT, PIN-PT etc. 


Ferroelectric perovskites have their Curie temperature scattered over the wide 
temperature range (e.g. —260°C for KTa03 and 490°C for PbT103). Ferroelectric 
phases exhibit mostly tetragonal, rhombohedral or orthorhombic crystallographic 
symmetry. Paraelectric phase is of the cubic m3m symmetry. For ferroelectric 
characteristics of perovskite crystals see Tables 7.11 and 7.12. 


Fig. 7.14 Perovskite 
structure unit cell 
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Table 7.11 Ferroelectric characteristics of perovskite crystals (Park et al. 1998; Jona and Shirane 
1993; Takemura et al. 2000) 


PZN-4.5%PT PMN-7%PT 


Crystal BaTiO} PbTiO} KNbO3 <001>c-cut <001>c-cut 
Symmetry 4mm 4mm 4mm effective 4mm effective 4mm 
Ps[uCcm 2] 26 (23°C) >50 (23° O) 30 (250° O) 28 (RT) 22 (RT) 
Ec[Vmm !] 50—200 625 


Table 7.12 Material properties of perovskite crystals. Only the independent material coefficients 
£5; ES Crees = Cis, Cs = s €32 = €31,€24 = €]5, £55 = e. are listed for the tetragonal sym- 
metry. Effective 4mm symmetry is supposed for domain-engineered «0015 c-poled rhombohedral 
PZN-4.5%PT crystal 


Material BaTiO3 KNbO3 PbTiO; PZN-4.5%PT <001>c 
Symmetry 4mm (23°C) mm2 (22°C) 4mm (RT) effective 4mm (RT) 
e 105 Pa 229 2.26 2.35 T3 

En 1.08 0.96 1:01 1.02 

e 1.11 0.68 0.988 1.01 

$5, EN 2.1. 

E ns 1.01 

T 1.51 1.86 1.05 1.05 

En 0.61 0.743 0.651 0.64 

Oz. - 0.25 

cs 1.34 0.955 1.04 0.63 

ez Cm? —0.7 2.46 —0.98 —3.7 

€32 eee —1.1 "- "T 

e33 6.7 4.4 335 15.0 

e15 34.2 5.16 3.92 8.9 

€24 T 11.7 

eñi €O 2200 37 101 3000 

£5, um 780 - 

£5. 56 24 34 1000 

p  kgm 6020 4630 7969 8310 


References Zgonik et al. (1994) Zgonik et al. (1993) Li et al. (1993) Yin et al. (2000) 
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7.8.1 Barium titanate (BaTiO;) 


Barium titanate has been studied extensively since the end of World War II when 
it was identified independently in Russia, Japan and USA as a promising material 
with high permittivity for ceramic capacitors. Its ferroelectric activity is known since 
1946 when it was discovered on ceramic samples. Since 1950's also the single- 
crystals of desired size and quality are available. BaTiO3 undergoes several phase 
transitions 


e paraelectric cubic (m3m) above the Curie temperature 120°C 
e ferroelectric 


e tetragonal (4mm) between 5 and 120°C 
e orthorhombic (mm2) between —90 and 5°C 
e rhombohedral (3m) below —90°C 


In the tetragonal phase the polar 4-fold axis (also spontaneous polarization vec- 
tor) is oriented along one of the <100>c directions (6 variants) of the parent 
cubic phase. The tetragonal unit cell results from the elongation of the cubic unit 
cell in one of the < 100 >ç directions. The other two cube edges are compressed 
(Fig. 7.15.). 

In the orthorhombic phase the polar 2-fold axis is oriented along one of 
the <110>c directions of the parent cubic phase (12 variants). The orthorhom- 
bic unit cell results from the elongation of the cubic unit cell in one of the 
<110>c directions. One of the face diagonals is elongated the perpendicular one 
is compressed. 

In the rhombohedral phase the polar 3-fold axis is oriented along one of the 
<111 ^c directions of the parent cubic phase (8 variants). The rhombohedral unit 





Fig. 7.15 Unit cells for 
ferroelectric phases in 
BaTiO} mm2 3m 
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cell results from the elongation of the cubic unit cell in one of the <111>c 
directions. Cubic body diagonal of the parent cubic phase is elongated. 

Barium titanate is also the first material with the ferroelectricity studied the- 
oretically by Devonshire (1949). Theoretical description is based on the idea of 
the thermodynamic potentials known from the Landau-Ginzburg theory of phase 
transitions (Devonshire 1949, 1951). Barium titanate is mainly used in multilayer 
ceramic capacitors and in positive temperature coefficient (PTC) elements (Bhalla 
et al. 2000). 


7.8.2 Potassium niobate (KNbO3) 


It is worth mentioning that potassium niobate exhibits the same sequence of phases 
as barium titanate, 1.e. 


e paraelectric cubic (m3m) above the Curie temperature 435°C 
e ferroelectric 


e tetragonal (4mm) between 225 and 435°C 
e orthorhombic (mm2) between —10 and 225°C 
e rhombohedral (3m) below —10°C 


Potassium niobate has the orthorhombic mm2 symmetry at room temperature. 
This ferroelectric species allows for 12 domain states with the spontaneous polar- 
ization vectors oriented along one of the < 110 » c-directions. Ferroelectric domain 
walls with their non-crystallographic orientations given by the values of the elec- 
trostrictive coefficients (so called “strange walls", i.e. S-walls) are permissible in 
this material (Fousek and Janovec 1969). They were observed in KNbO3 crystals 
(Wiesendanger 1973) together with the domain walls with fixed crystallographic 
orientation (W-walls). 

Potassium niobate is mainly used in optics (Bhalla et al. 2000) as today's best 
material for second harmonic generation. 


7.8.3 Lead titanate (PbTiO3) 


Lead titanate exhibits only one structural phase transition from paraelectric cubic 
m3m to ferroelectric tetragonal 4mm phase. Curie temperature is relatively high 
490°C. Lead titanate has the biggest anisotropy in the tetragonal lattice parame- 
ter ratio c/a = 1.06 among all perovskite crystals. Due to the anisotropy it exhibits 
relatively high hydrostatic piezoelectric coefficient dp (higher than PZT ceramics). 

Lead titanate is mainly used for the pyroelectric detector elements, for the 
hydrophone applications and as a high-temperature ceramic material. PbTiOs single 
crystals are not commercially available in desired size and quality. 

As a component of solid solution systems like PZN-PT, PMN-PT, PZT etc. also 
the theoretical studies are reported on this material (Haun et al. 1987). Solid solu- 
tions of PbTiO3 exist for numerous compounds (Bhalla et al. 2000; Jona and Shirane 
1993). 
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7.8.4 PZN-PT and PMN-PT Single-Crystals 


Solid solutions of Pb(Zn1/3Nb>,3)03 (PZN) and Pb(Mg1/3Nb2/3 303 (PMN) and 
PbTiO; (PT) have been studied already for 40 years. Pure PMN is a typical relaxor 
material. More attention has been paid to PZN-PT since the beginning of 1980's 
because of the discovery of the poling method allowing for getting extremely high 
piezoelectric coefficients. Research on these single crystals has been re-established 
in early 1990's after the successful growth of the sufficiently large single-crystals 
(Choi et al. 1989; Kuwata et al. 1982; Park and Shrout 1997b). Samples of the 
size and aspect ratios needed for the resonant measurements are available today. 
Studies of the domain structure, measurement of the material properties as well as 
on the improvement of crystal growth were conducted up to now with great effort. 
Materials are also very attractive for the applications in ultrasound transducers or 
actuators (Saitoh et al. 1998, 1999). 

Pure PZN (as well as PMN) has a trigonal ferroelectric structure (3m), pure PT 
a tetragonal ferroelectric structure (4mm) at room temperature. Both components 
undergo the phase transition to the paraelectric cubic (m3m) phase at Curie tem- 
perature. It depends on the chemical composition and varies typically from 150 to 
250°C for PZN-PT (for 0—2096PT content) and 0 to 250°C for PMN-PT (0-50% PT 
content). Both systems PZN-PT and PMN-PT have the morphotropic phase bound- 
ary (MPB) between rhombohedral and tetragonal ferroelectric phases — at 8-10%PT 
in PZN-PT and at 33-35%PT in PMN-PT for the temperature range interesting 
for technical applications. For the phase diagrams of PZN-PT and PMN-PT see 
Fig. 7.16. 

Crystals are grown by Bridgman method using PbO as a flux. As-grown crystals 
are available in size of several cm in certain crystallographic directions (Shimanuki 
1998). 
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Fig. 7.16 Phase diagrams of PZN-PT and PMN-PT (Choi et al. 1989; Kuwata et al. 1982) 
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Ferroelectric phases (rhombohedral and tetragonal) allow for the coexistence of 
several domain states (8 for rhombohedral and 6 for tetragonal phase). It is believed 
and suggested by the domain structure observations that both ferroelectric domains 
can coexist at the MPB. Rhombohedral polar axes are oriented along the cube diag- 
onal of the parent phase. Tetragonal polar axes follow the directions of cube edges 
in paraelectric parent phase. 

Single-crystals must be poled to introduce reasonable domain structure and 
to improve their macroscopic piezoelectric performance. Single-crystals with the 
chemical compositions corresponding to the tetragonal phase are poled in < 100 >ç- 
direction. Rhombohedral crystals can be poled in < 111 ^ c-direction (i.e. in one of 
the allowed spontaneous polarization direction) but the excellent piezoelectric prop- 
erties are reached if the rhombohedral crystal is poled in < 100 >c-direction (1.e. in 
the direction not permissible as a spontaneous polarization direction). Poling could 
be done by 4 kVmm ``! at room temperature or by heating the crystal above the Curie 
temperature, applying an electric field of 1 kVmm”! and subsequently cooling down 
to the room temperature with the electric field applied. Experiments show that the 
extremely high piezoelectric properties (Fig. 7.17.) were reached in rhombohedral 
phase near the MPB for PZN-PT poled in < 100 >c-direction. Because the multi- 
domain structure (contrary to the single-domain structures supposed to be the best 
for applications of any material) is substantial for the piezoelectric properties, con- 
cept of domain engineering arises. It is supposed to design desired domain structures 
in materials to improve their material properties. The domain-engineered PZN-PT 
and PMN-PT single crystals cannot be single-domain but the question about their 
"most wanted" domain structure has not been satisfactorily answered yet (Wada 
et al. 1999; Yin and Cao 2000; Mulvihill et al. 1996). 

However the piezoelectric properties in <111>c-poled rhombohedral and 
< 100 >c-poled tetragonal phases are not especially high (d33 < 500 x 107 12C0N 7!) 
for PZN-PT, they can reach values up to d33 — 2500 x 10—!2CN7! in rhombohe- 
dral PZN-PT poled along < 100 >c-direction. Similar extremely high values were 
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Fig. 7.17 Piezoelectric properties of PZN-PT crystal as a function of chemical composition and 
crystal orientation (Park and Shrout 19972) 
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observed also for d3; and k31 = 90% in PZN-PT poled along < 100 >c-direction 
(Park and Shrout 1997b). 

Full electromechanical tensors for PZN-PT and PMN-PT single crystals in 
single-domain or in domain-engineered state could be found in the literature for var- 
10us chemical composition. Single-domain data are available only for PMN-33%PT 
(Zhang et al. 2003) and PZN-(6-7)%PT (Jin et al. 2006), both in rhombohedral 
phase. Domain-engineered material data were reported mainly for [001 ]-poled crys- 
tals in rhombohedral phase (preference of four domain variants) for following 
chemical compositions: PMN-28%PT (Zhou et al. 2008), PMN-29%PT (Zhang 
et al. 2001), PMN-30%PT (Zhang et al. 2002a), PMN-32%PT (Lee and Roh 2007; 
Kim et al. 2003), PMN-33%PT (Zhang et al. 2001), PZN-4.5%PT (Yin and Cao 
2002; Yin et al. 2000), PZN-(6-7)%PT (Shukla et al. 2008), PZN-7%PT (Zhang 
et al. 2002), PZN-8%PT (Jiang et al. 2003; Zhang et al. 2003; Zhang et al. 2002b). 
Smaller attention has been payed also to [011 ]-poled domain-engineered crystals in 
rhombohedral phase (i.e. with the preference of two variants of domain states). Data 
are available for following compositions: PMN-(28-32)%PT (Shanthi et al. 2008), 
PMN-29%PT (Wang et al. 2007), PZN-7%PT (Zhang et al. 2006). Finally, some 
data were also published on tetragonal phase compositions poled along crystallo- 
graphic [001 |-axis (i.e. with the preference of single-domain state): PMN-35%PT 
(He et al. 2006), PMN-42%PT (Cao et al. 2004), PZN-12%PT (Delaunay et al. 
2008). 


7.9 Miscellaneous Piezoelectric Crystals 


There are very few other piezoelectric/ferroelectric crystals technically used in elec- 
tromechanical applications except quartz, tourmaline, LINbOs and LiTaO3. Other 
crystal materials are mostly used in special high-temperature applications or under 
development. Some of the crystals important in special applications or for the 
piezoelectricity or ferroelectricity studies are mentioned in this paragraph. 

Detailed list of the material properties for the piezoelectric crystals can be found 
in Landolt-Bórnstein Tables and in other sources. Also the temperature coefficients 
for many of these crystals were reported. Revised and up-dated Tables of material 
properties for piezoelectric materials were published in recent volumes of Landolt- 
Bórnstein Tables. Special volumes are devoted to ferroelectric and antiferroelectric 
substances (Group III, Volumes 3, 9, 16, 28 and 36). 

Rochelle Salt (NaKC4H4O0g.4H5O) crystal was the first material ever where 
the ferroelectricity was discovered by Valasek (1921). Crystal belong to ferro- 
electric species 222 — 2, where the ferroelectric phase exists between —18 and 
24°C (crystal exhibits two Curie temperatures). Historically, Rochelle salt was 
used in applications for gramophone transducers. Rochelle Salt has been replaced 
by other piezoelectric materials due to its water solubility and bad mechanical 
properties. 
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Fig. 7.18 Temperature 
dependence of piezoelectric 
coefficients d33 and dj, for 
polycrystalline SbSI 





Another possibly applicable crystal is Lithium sulfate (Li2oSO4.H25O). It could 
be used below 90°C for its relatively high piezoelectric coefficients (especially for 
hydrostatic coefficient dj = 16.4 x 107? CN" !) as a hydrostatic pressure sen- 
sor. Especially high hydrostatic piezoelectric coefficient (1000-2000 x 107^ CN!) 
exhibits also the semiconductive ferroelectric crystal SbSI (see Fig. 7.18). Its hydro- 
static piezoelectric coefficient is extremely high, but strongly temperature dependent 
especially at room temperature 22°C. 

Among the other ferroelectric materials several other crystals must be noted, 
however few of them are technically used: 


e Triglycine sulfate (TGS) — (NH2CH2COOH)3.H2SOy4. It belongs to the ferro- 
electric species 2/m — 2 with relatively low Curie temperature 49°C. It is model 
material for ferroelectric order-disorder type of phase transition. 

e Dihydrogen phosphate (KDP) — KH>PO4. It belongs to the ferroelectric species 
42m > mm2 with low Curie temperature —150?C. It is model material for fer- 
roelectric order-disorder type of phase transition. Crystal was previously used 
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in paraelectric phase for its piezoelectric properties. Isomorphous (but non- 
ferroelectric) crystal (ADP) — NH4H2PO4 was also previously used for its 
piezoelectric properties in its tetragonal phase at room temperature. 

e Guanidinium Aluminium sulfate hexahydrate (GASH) — C(NH2)3AI(SO4)?. 
6H5O. This material is ferroelectric but it decomposes chemically (at 200°C) 
below the temperature estimated as Curie temperature (aproximately 300? C). Its 
symmetry is rhombohedral 3m. 


Among the piezoelectric (and non-ferroelectric) crystals the cubic (symmetry 23) 
sillenite Bij2SiO29 and isomorphous B1i12GeOəo and tetragonal (symmetry 4mm) 
barium germanium titanate Ba2Ge2TiOg and isomorphous fresnoite Ba2Si2TiOg 
seems to be perspective crystal materials. 


7.10 Piezoelectric Textures 


Textured materials are macroscopically homogeneous media built by the big number 
of elements more or less aligned. Origin of the elements, their shapes, size distri- 
bution and their arrangement in the texture is substantial for resulting macroscopic 
material properties. In general, textures might be isotropic as well as anizotropic. As 
the main examples of piezoelectric textures could serve multidomain ferroelectric 
crystals (see the perspective method of domain engineering), fiber composites (e.g. 
wood, paper), electrets (contain a texture of molecule dipole moments), thin films 
and ferroelectric ceramics. 

Symmetry of piezoelectric properties in textures was studied by Shubnikow 
(Tichy and Gautschi 1980 and references therein). Symmetry of the texture is 
defined by the symmetry of elements and by the symmetry of their mutual arrange- 
ment. The lowest symmetry texture is built e.g. by the parallel connection of two 
triclinic crystals. Effective symmetry of this connection belongs to the same triclinic 
group of symmetry. If such triclinic crystallites are oriented with one crystallo- 
graphic axis parallel, however each crystallite rotated randomly about this axis, this 
axis is oo-fold rotation axis. Symmetry of such texture belongs to the symmetry 
group oo. The microscopic symmetry is fully given by the material crystallographic 
symmetry, the effective macroscopic symmetry reflect also the information about 
the element arrangement and about the finite size of the sample. There are seven 
possible limiting group symmetry classes. Piezoelectricity is possible only for three 
of them — oo, comm, 002 — which do not have center of symmetry. 


7.11 Piezoelectric Ceramics 


First system of piezoelectric ceramics (BaTiOs) has been developed at the end of 
World War II independently by the researchers in Japan, Soviet Union and USA. 
Ceramic material has been utilized for the applications in ultrasound (electroa- 
coustic) transducers. Later in 1950's the most important ceramic system ever — i.e. 
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solid solutions of PbTiO}; — PbZrO; (PZT) — is under investigation and it is widely 
used in applications until today. Since that time many new ceramic compositions 
(mostly oxides, complex perovskites, relaxors) are under intensive research and 
development. 

Generally, the piezoelectric ceramics could be composed from any ferroelectric 
material. Ceramics is produced by mechanical pressing of material grains (typically 
several micrometers in diameter). After this procedure the ceramics is isotropic due 
to the random grain distribution and orientation. It exhibits zero (or negligible) 
net polarization and piezoelectric coefficients. This is the reason why ferroelec- 
tric material must be used for piezoelectric ceramics because the piezoelectric and 
non-ferroelectric materials could not be poled. All ferroelectric materials are also 
pyroelectric and piezoelectric. Macroscopic piezoelectric (ferroelectric) properties 
are generated in the material by the poling i.e. by the application of the strong 
electric field. Poling field must be higher than coercive field in order to get sta- 
ble material properties. During poling the ferroelectric arrangement is created to 
reach the state with aligned spontaneous dipole moments in different ferroelectric 
domains as closely as possible to the direction of poling field. Poling also results in 
domain wall movements and due to the piezoelectric effect also to the grain defor- 
mation. While the grains are mutually mechanically clamped in ceramic system the 
macroscopic cracks could be created during harsh poling procedure. Poling is also 
more effective at elevated temperatures, however below the Curie temperature Oc, 
which is very important material parameter. 

There are some advantages as well as drawbacks of the ceramic materials. 
Particular material choice is governed by the application requirements. Main 
advantages of the piezoelectric ceramics are: 


e low costs with respect to the single-crystal materials of the same chemical 
compositions at the comparable technical parameters 

e availability — some of the materials do not exist in the single-crystal form or 
cannot be grown in desired size and quality 

e complex shape forming (plates, discs, spheres, tubes, focal bowls, etc.) 

The most limiting factors of the piezoelectric ceramics are: 

e material reproducibility and aging due to the complicated polycrystalline form 
with complex electromechanical processes involved 

e working range for applications is limited by the Curie temperature (above which 
the material looses its ferroelectricity and it could loose also piezoelectric prop- 
erties if the parent phase is not piezoelectric) as well as by an electric field and 
mechanical stress (depoling) 

e temperature stability — material properties depend usually much more on the tem- 
perature than it is for single-crystals. Ceramic materials are not the best choice in 
the applications where the temperature stability is required. 

e pyroelectricity — could complicate sensoric functions of the material subjected to 
the temperature changes (i.e. also to the temperature changes generated by the 
mechanical and dielectric losses). This property might be also advantageous in 
other applications (e.g. for the remote control devices etc.) 
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e electrical conductivity used to be higher than in single-crystal materials due to the 
grain boundary conductivity processes. Ceramic materials are not the best choice 
for static applications. 


Poled electroceramics exhibits effective (macroscopic) oom symmetry, which is 
characterized by 10 independent electromechanical material coefficients (5 elas- 
tic, 3 piezoelectric and 2 dielectric). This symmetry is the same no matter what 
is the symmetry of the ceramic grain material. Mostly the ferroelectric materials 
with tetragonal 4mm (e.g. BaT103, PbT103), rhombohedral 3m (e.g. PMN-PT) or 
orthorhombic mm2 (e.g. KNbO3, PbNb20¢6) symmetry are used in making piezo- 
electric ceramics. Intergranular stresses are minimized by the formation of domains, 
i.e. regions with uniform orientation of the spontaneous dipoles. Number of per- 
missible domains depends on the ferroelectric species (see Table 7.13 for the most 
common species used in perovskite ceramic systems). Assuming the random grain 
orientations and complete dipole line-up allowed by it, the fractions of the single- 
crystal polarizations allowed for different perovskite species were calculated (Jaffe 
et al. 1971; Redin et al. 1963). 

Isotropy of piezoelectric ceramics is destroyed during poling process but remains 
in the direction perpendicular to the poling field direction. Structure of tensor mate- 
rial coefficients of comm cylindrical polar symmetry is the same as for the hexagonal 
6mm symmetry for dielectric, piezoelectric and elastic tensors. 


Table 7.13 Net polarization allowed by the symmetry as a fraction of the single-crystal polariza- 
tion (Redin et al. 1963; Jaffe et al. 1971) 


Ferroelectric Number of Ps orientation in _ 
species permissible domains parent phase Ps/Ps 
m3m > 4mm 6 <100> 0.831 
m3m — 3m 8 <111> 0.866 


m3m — mm2 12 <110> 0.912 


7.11.1 PZT Ceramics 


Piezoelectric materials based on the solid solutions of PbZrO3 (PZ) and PbTiO} 
(PT) have been studied already for 50 years (Buchanan 1986; Berlincourt 1981; 
Cross 1996; Levinson 1988; Nowotny 1992; Newnham and Ruschau 1996; Okazaki 
1985). System is known as PZT ceramics. It has excellent piezoelectric properties, 
which could be designed to meet specific application needs also by doping by dif- 
ferent substitution atoms. Because of very reasonable price PZT ceramics is widely 
used in applications today (Table 7.14). 

Solid solution of PT and PZ exhibit the morphotropic phase boundary (MPB) 
at 48-52% of mol PT content in the temperature range important for technical 
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Fig. 7.19 Phase diagram of PZT system. Px is parent cubic paraelectric phase, Fry and Frn 
are ferroelectric rhombohedral high-temperature and low-temperature phases, Fr is ferroelectric 
tetragonal phase. There are also antiferroelectric Ag (rhombohedral) and Ar (tetragonal) phases in 
PZT solid solution 


applications (for phase diagram see Fig. 7.19.). Basic unit of PZT is the per- 
ovskite structure (Fig. 7.14.) with Pb atoms at A?* positions and alternating Zr 
and Ti atoms at B^* positions. Except the paraelectric solid phase (above Curie 
temperature), PZT ceramics have also ferroelectric phases (below Curie temper- 
ature). Pure PT is tetragonal ferroelectric (4mm), pure PZ is antiferroelectric 
orthorhombic at room temperature. MPB is a boundary between tetragonal (4mm) 
and rhombohedral (3m) ferroelectric phases. Paraelectric phase exhibit cubic m3m 
symmetry. The MPB makes possible the application of PZT ceramics with the 
same chemical composition near MPB for the wide temperature range without 
structural phase changes. Material coefficients of PZT ceramics exhibit their sig- 
nificant values (maximum or minimum) at the MPB chemical compositions (e.g. 
Fig. 7.20.). 

Curie temperature Oc is very important parameter for the applications of fer- 
roelectrics in general. For PZT ceramics, the phase above Curie temperature is a 
paraelectric and also non-piezoelectric (isotropic). If the piezoelectric properties 
are used in applications, material cannot be exposed to the temperatures above 
Curie temperature to preserve ferroelectric properties. It is recommended by PZT 
manufacturers not to use PZT ceramics above 1/20c. Curie temperatures for com- 
mercially produced PZT’s are usually between 150 and 360°C (Materials data sheets 
of manufacturers). Similarly to the electric field and temperature, the limits for PZT 
applicability exist also for the mechanical pre-stress. Typical values for the electric 


7.11  Piezoelectric Ceramics 157 


Fig. 7.20 Piezoelectric 
coefficients of PZT ceramics 
as a function of chemical 
composition for the MPB 
region 





field and mechanical stress limiting PZT applications are given Table 7.15. Because 
PZT ceramics better resists to the mechanical compression than to the tension, pre- 
stress is used in order to get working range of the mechanical stress fully to the 
compression region. 

Chemical composition (and also material properties) could be modified to meet 
specific application needs by the addition of atoms of Nb, Sr, Fe, Mn, Cr etc. 
Special type of PZT ceramics is a La-doped PZT, commonly abbreviated as PLZT. 
Such ceramics is transparent, which could be controlled by the applied electric 
field. Chemical composition and manufacturing technology is usually proprietary 
know-how of each PZT manufacturer and it is not known to the end-users of PZT 
products. 

Each ferroelectric phase allows the coexistence of several domain states (DS) 
which differ in the orientation of polar axis (tetragonal 4-fold or trigonal 3-fold 
axis) with respect to the original paraelectric (cubic) unit cell. Number of symmetry 
elements in ferroelectric phase is reduced with respect to the parent paraelectric 
one. Symmetry operations missing in ferroelectric phase transform one domain state 
to the other one. Effective performance of the multi-domain system could be very 
different (higher as well as lower) than for the single domain one. PZT ceramics is a 
polycrystalline material, where the domains exist inside the grains of the usual size 
of several um. 

Domain structure (i.e. dipole line-up) can be changed by the application of 
the higher temperature, mechanical stress or electric field. Although each grain 


Table 7.15 Applicability 


limits for the electric field and Material grade Em [Vmm"! ] Tm [MPa] 
mechanical eae for selected PXE 59 450 E 
PZT types (PXE is 
registered trademark of PXE 5 300 2.5 
Philips) PXE 52 100 = 

PXE 41 300 10 

PXE 42 400 25 


PXE 43 500 35 
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of PZT is piezoelectric in ferroelectric phase at room temperature, the piezoelec- 
tric contributions from different grains are averaged because of their arbitrary 
orientation. Non-poled PZT is isotropic and macroscopically exhibits very weak 
piezoelectricity. The domain structure must be changed in order to get macroscopic 
piezoelectricity. Electric field is applied and the domains with the polar axes as close 
as possible to the direction of the electric field are preferred. They tend to grow and 
polycrystal exhibit macroscopic polar axis and also piezoelectricity. Such process 
is called poling and the effective symmetry after that is com. Because of the piezo- 
electric effect, the grains also exhibit mechanical strains. The poling electric field 
could even create internal cracks in PZT. Poling is also done at increased tempera- 
tures (below Curie temperature) for some types of PZT. Mobility of domain walls 
(DW's) increases with the temperature. Typical values of the poling field are 2-4 
kVmnr' and differ for different types of PZT. Another possible poling procedure 
could be performed by heating PZT above the Curie temperature and by subsequent 
application of an electric field. Then the temperature is slowly lowered to the room 
temperature under the electric field applied. PZT's with the chemical composition 
near MPB can be poled very well. It is supposed that the domain states from both 
phases could coexist at the MPB, i.e. 14 polar axis orientations are possible contrary 
to the 8 (or 6) in rhombohedral (or tetragonal) phase far from MPB. Many of the 
material properties reach their extremely high values for the chemical compositions 
near MPB. 

Domain structure is also the main reason for the hysteretic behavior of PZT 
ceramics. The net polarization is contributed both from the spontaneous polariza- 
tion changes (intrinsic contribution) and from the motion of domain walls (extrinsic 
contribution). In D-E diagram, the typical hysteresis curve is observed (see Fig. 5.6). 
Typical values of the coercive field are 0.5-1 kV/mm and spontaneous polarization 
20-30 x 1079C cm”? for different PZT types. Polarization is saturated Pg at high 
electric fields (no more motion of the domain walls). Area of the hysteresis curve 
represents heat density produced in the material at one cycle. “Thin” hysteresis 
curve means a bad mobility of domain walls (and also small dielectric losses tanà) 
and such PZT is called "hard". On the contrary, “thick” hysteresis curve suggests 
good domain wall mobility (as well as high dielectric losses — tanë) and such PZT is 
called “soft”. However also the piezoelectric coefficients are influenced by the DW 
mobility. Soft PZT's use to have higher piezoelectric coefficients with respect to 
hard ones. Soft PZT's are used for sensor and actuator applications, hard PZT's 
for transducer and resonator applications. Typical values of the dielectric losses 
(tan ó) are 0.5-2.5%, higher for soft and lower for hard PZT's. Due to the piezo- 
electric effect, the hysteresis curve is also observed for the elastic strain (so called 
"butterfly-loop"). 

PZT ceramics is manufactured in the powder metallurgy process. Raw materials 
of PbO, ZrO» and TiO» oxides are mixed in water solution in ball mill in order to 
intimately homogenize powder chemical composition. Also the doping atoms (e.g. 
in the form of oxide Nb205) are added and mixed together. Subsequently the dry- 
ing and sintering processes take place. Crystallographic water is released from the 
raw materials in this process. The chemical reaction to the solid solution is finished. 
Material is milled again to the powder with the grains of typical size 1-10 x 1079 m. 
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Fig. 7.21 Temperature 
dependence of d31 
piezoelectric coefficient for 
PZT-5A, PZT-5H (Morgan 
Matroc) PZT ceramics 





Organic binder is added to the powder simultaneously. Raw material is now ready 
for the forming (either by press or by tape-casting etc.) to the “green-body”. PZT 
elements are subsequently heated in order to fire out the binder. Due to this neces- 
sary additive in the ceramic material pores of certain size are necessarily present in 
the ceramic body. After that the piezoelectric element is ready for mechanical shap- 
ing (cutting, lapping, polishing etc. by the diamond tools). After the desired shape 
and size are reached PZT elements are electroded either by Ag-paste screen plat- 
ing (and electrode firing), or by Au-sputtering. Final manufacturing operations are 
the poling (in oil bath with subsequent combined chemical and ultrasound cleaning) 
and material property testing. Mechanical conditions and functional properties of 
PZT (piezoelectric coefficient, resonant frequency, capacity etc.) element are 100% 
tested by most of today's manufacturers. PZT elements are being sold as customer- 
designed parts with required material properties typically scattered in the range of 
5%. Exact reproducibility in material parameters for each batch of raw powder can- 
not be fully met in ceramic materials in general. For the temperature dependence of 
piezoelectric coefficients see Fig. 7.21. 

PZT applications (see e.g. Herbert 1982; Mattiat 1971; Rogacheva 1994; Setter 
and Colla 1993; Uchino 1997, 2000; Waanders 1991) cover mainly the field of ultra- 
sonics (ultrasound transducers, cleaners, fluid atomizers, welding etc.), sensors (e.g. 
for acceleration), gas ignitors, ceramic filters for TV and delay lines, sound trans- 
ducers for buzzers and also various actuators (e.g. PZT bimorphs, ink-jet printer 
heads) etc. Although PZT compositions are known for many years they are still 
excellent for many applications. New PZT modifications are under development. 


7.11.2 Non-PZT Ceramic Compositions 


Except PZT there are several ceramic materials, which are commercially avail- 
able and used in applications mainly for their high Curie temperature. These 
materials can be classified into several structural classes (for material properties 
see Table 7.16.): 
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Table 7.16 Material properties of selected non-PZT ceramic materials. Pz34, Pz35 and Pz46 are 


trademarks of Ferroperm Piezoceramics A/S (Denmark) 
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Pz34 Pz35 Pz46 

doped lead bismuth BaTiO3 
Property PbTiO} metaniobate titanate ceramics 
s IO pay: 1.33 10.6 8.55 
Ss —1.61 —2.28 —2.61 
ce —0.536 —12.0 —2.85 
Say Tol 44.2 8.93 
T 26.2 23.3 
B £0 127 
Ed 208 219 124 1350-1700 
kp % 7.4 3.3 37.8 
k, 40.9 33.6 24.9 
k31 4.59 2,09 20.8 
k33 39.66 8.67 49.3 
kis 4.53 47.6 
d31 10-EN"* 5.33 —2.26 —79 
d33 46.0 83.0 19.1 191 
dis 7.79 270 
dh 53/9 14.6 
Oc °C 400 500 650 130 
0 kem 7550 5720 6530 
tanó % 1.4 0.6 0.4 
Qm 1 314 17 465 
e perovskites — e.g. BaTiOs which is lead-free material. Its application is com- 


plicated by the structural phase transition at 5°C (tetragonal to orthorhombic 
ferroelectric phase) and by relatively low Curie temperature. Another examples — 
orthorhombic KNbO3 and tetragonal PbTiO}; doped with Ca atoms (excellent for 
its high Curie temperature 490°C and high hydrostatic piezoelectric coefficient). 
tungsten-bronze structure — e.g. lead metaniobate PbNb5Og orthorhombic at 
room temperature. It exhibits high Curie temperature 570°C. Another examples: 
PbTa»Og. 

layer-bismuth oxides — e.g. bismuth titanate Bi4Ti43O,;5 (and its other non- 
stoichiometric compositions). It belongs to the ferroelectric species 4/mmm- m 
and exhibits also high Curie temperature 675°C. 

pyrochlore structure — e.g. Sr2Nb5O; or La2Ti?O;. These compounds exhibit 
one of the highest high Curie temperatures known (1342°C for Sr2Nb207 and 
1500°C for La» Ti2O7). 
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Some of the piezoelectric materials are being used in applications in the form of 
thin films of various thicknesses. The physical situation is somewhat different from 
bulk materials. For example the electrode layer thickness is of comparable size with 
the thickness of piezoelectrically active film. If the film is deposited on the substrate 
the mechanical clamping is significant. Clamping could influence the film effective 
properties and the domain structure for ferroelectric substances. Material coeffi- 
cients are not usually completely available in the literature because of the specific 
geometry and they depend on film thickness. Material properties of thin films are 
different from the bulk properties of the same material. Especially the size effect 
could result in loss of ferroelectricity below certain film thickness. Lower limit for 
the ferroelectricity is not generally known for all materials. 

There are basically two material classes used in thin films mostly for ultrasound 
transducers or for surface acoustic wave (SAW) applications. They are: 


e piezoelectric (but not ferroelectric) materials — AIN, ZnO, CdS, ZnS, etc. 
e ferroelectric (and also piezoelectric) materials —  SrBi?Ta?0o9 (SBT), 
(BaxSr¡-x)T103 (BST), PbTi03, PZT, PMN etc. 


Ferroelectric thin films (Ramesh 1997; Scott 2000) are studied mostly for the 
application in Dynamic Random Access Memories (DRAM’s) and in Non- Volatile 
Ferroelectric Random Access Memories (NVFRAM ). The most important problem, 
which must be solved, is the ferroelectric material compatibility with semiconduc- 
tor technology (or new technologies must be developed) used in integrated circuit 
industry already for many years. This is the most limiting factor in ferroelectric thin 
film application in miniaturized electronic circuits. Thin films are also supposed to 
be used in Micro Electro Mechanical Systems (MEMS) including microactuators, 
pumps etc. (Tabib-Azar 1997). Another important application of ferroelectric (as 
well as non-ferroelectric) thin films is in multilayer ceramic capacitors. Among the 
most important fabrication methods for thin films various types of metal-organic 
chemical vapor deposition (MOCVD), RF-sputtering and sol-gel technique must be 
pointed out. 

(BaxSr¡_x)1103 (BST) thin film has its dielectric constant dependent on the sub- 
strate temperature during RF sputtering. BST is a substitutional solid solution of 
BaTiO} and SrTiO}. Curie temperature of BaTiOs crystals is 120°C. SrTiOs is 
not ferroelectric (antiferroelectric). Adjusting the Ba/Sr atom ratio in BST properly 
makes possible to decrease BST Curie temperature below the DRAM’s operat- 
ing temperature. It is in paraelectric phase without the spontaneous polarization 
at device operating temperature. There is no possibility that the polarization rever- 
sals will cause ferroelectric fatigue. Dielectric constant is about 25060 for 660°C 
sputtered BST (x — 0.75) 60 x 107? m thin film. The same material in bulk form 
exhibits dielectric constant about 50069. Material is used in DRAM capacitors. 

SrBi? Ti2Oo (SBT) thin films are studied for applications in capacitors with high 
fatigue resistance, long polarization retention, no polarization fatigue up to 101? 
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cycles, low imprint and low leakage with low resistance metal electrodes. The 
resulting short time constants make SBT a leading candidate for application in 
NVFRAM’s. SBT is a member of the group of layered perovskite ferroelectrics. 

Pb(Zrx Tiy_x)O3 (PZT) ferroelectric thin films are studied for their high dielectric 
constant and ferroelectric properties (e.g. high remanent polarization). Material is 
an excellent material in bulk ceramic applications. The dielectric constant 105829 at 
1 MHz frequency was reported for polycrystalline PZT (x=0.50) thin film, remanent 
polarization P, = 21.5 x 10-95Ccm ^? and coercive field of 3.9 kVmm7!. 

PbTiO; ferroelectric thin films are studied (Palkar et al. 1999) for the material 
high spontaneous polarization value (Ps = 81 x 10-9Ccm ?), high pyroelectric 
coefficient (p = 250 x 10 SCcm “K `!) and relatively low dielectric constant 
(15029). Films are deposited by various methods — e.g. by RF sputtering, pulsed 
laser deposition, chemical vapor deposition, sol-gel technique etc. with various 
thickness on Si or SiO2 substrate. Orientation of the substrate and deposition tech- 
nique parameters are substantial for the film quality. Films in c-axis orientation 
(1.e. spontaneous polarization direction) are highly desirable. Remnant polarization 
was reported as high as 21 x 10 -$Ccm ? for ferroelectric film. Applications are 
supposed mainly for the miniaturized infrared imaging sensor arrays. 

AIN non-ferroelectric thin films are studied for their potential use as pressure 
transducers, speakers and SAW devices (Turner et al. 1994). Polycrystalline AIN 
is an important substrate ceramic material due to its high thermal conductivity and 
dielectric breakdown strength however it does not exhibit piezoelectric activity in 
the bulk form. When properly oriented, AIN film shows piezoelectric activity up to 
the high temperatures. For some of the material coefficients of AIN (and also ZnO) 
films see Gualtieri et al. (1994). 


7.13 Ferroelectric Polymers 


Permanently charged dielectrics — electrets — were known for a long time (see 
review articles by Fukada 1998; Sessler 2001 and monographs by Bauer et al. 1995; 
Das-Gupta 1994; Nalwa 1995; Sessler 1998; Gerhard-Multhaupt 1999). Surface 
charge is either injected from the electrodes (homocharge) or is generated by the 
electric field induced polarization of molecular dipoles (heterocharge). In good insu- 
lators, the heterocharge decays with time, but the homocharge is stable and persists 
for years. 

First ferroelectric polymer — polyvinilidene fluoride (PVDF or PVE)) — was dis- 
covered in 1969. Extensive research has been focused on this substance and their 
copolymers with trifluoroethylene (TrFE) since that time. Due to its resistivity to the 
harmful chemical substances is this polymer used in structural coatings to prevent 
damage. Another excellent functional property is a very low value of the acoustic 
impedance, which allows for the better acoustic matching to water environment. Due 
to this property P(VDF/TrFE) copolymer is being applied mostly in hydrophones 
(Nalwa 1995) and ultrasound imaging transducers. PVDF polymer and its blends 
with TrFE are commercially available in the market. 
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There are many other ferroelectric polymer systems under investigation today. 
Among them following materials should be pointed out for their properties: 


e cyanopolymers (e.g. PAN — Polyacrilonitrile) 
e polyamides (e.g. odd-numbered nylons like nylon-11 and nylon-7) 
e polyurea, polythiourea (e.g. PMDA) 


Except these materials, ferroelectric liquid crystals are another special class of 
ferroelectric polymer materials. They attracted much attention especially because 
of the application in the liquid crystal display units. 


7.13.1 PVDF Polymer and Its Blends with TrFE 


Polymerized monomer (-CH5-CF5-), exists in several phases (numbered as a-, 
B-, y-, 6-PVDF etc.) different in the structure of the molecular chain. Number 
of monomer units is up to 60.000 units. At the C—F bond the dipole moment 
u = 7 x 1079? Cm (2.1 Debye) is present. These dipoles could either compen- 
sate each other in the molecule structure (e.g. in ~w-PVDF) or result in macroscopic 
dipole moment (e.g. in 6B-PVDF). The most important phase from the point of view 
of macroscopic dipole moment is polar B-PVDF phase. Alignment of the dipoles 
could result in the effective macroscopic dipole moment only in the crystalline but 
not in the amorphous state. Ratio of crystallinity is usually in the range 40-60% and 
amorphous phase is always present. This phenomenon lowers the effective polymer 
ferroelectric performance. Melting point of PVDF is 175°C. In -PVDF phase the 
electric dipoles at C-F bonds are aligned in parallel (see Fig. 7.22) direction. Dipole 
moments could be possibly further aligned in macroscopic regions by the poling 
procedure. Poling must be performed at elevated temperatures (below Curie temper- 
ature 140°C) by using strong electric field typically of 50-300 kVmm7!. Electric 
fields substantially higher than for crystals and ceramics are necessary to pole PVDF 
polymer. Poling could be performed without the mechanical stretching (unstretched 
films) or including it (uniaxially drawn films). Both poling procedures will generate 
different effective symmetry. The symmetry of unstretched film belongs to oomm 
class, which allows for both piezoelectricity and pyroelectricity. The anisotropy of 
the uniaxially drawn film is higher with the symmetry class 002, which allows for 
piezoelectricity (so called shear-face piezoelectricity) but not pyroelectricity. 


Fl; 

Vo m 
a 

/\ 

H H 


ae 
A 
H H 


Fig. 7.22 B-PVDF polymer 
chain structure 
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Table 7.17 Material coefficients of PVDF polymer thin film (Nalwa 1995). Elastic constants and 
compliances, piezoelectric, pyroelectric and thermal expansion coefficients are listed. 


Biaxially Uniaxially 
Property oriented film oriented film 
d31 107% CN7! 4.34 21.4 
d32 4.36 2.3 
d33 —12.4 —31.5 
dp —4.8 —9.6 
D3 10 Cm ^ K^ 105 2.74 
0011 10 * Kk 1.24 0.13 
0122 1.00 1.45 
511 10710 Par! 4.0 4.0 
512 —1.57 —1.57 
C11 10° Pa 5.04 5.04 
C12 3.25 3.25 


Poled PVDF films show ferroelectric behavior clearly demonstrating the polar- 
ization reversal in the dielectric hysteresis curve (Nalwa 1995). Locally created 
domains are reported (Güthner and Dransfeld 1992) in scanning force microscopy 
observations in PVDF. Typical values of the spontaneous polarization are 
8-10 x 107Ccm”? and of the coercive field 50-100 kVmm-. For the material 
properties see Table 7.17. Uniaxially drawn films are much more anisotropic in 
piezoelectric properties. The piezoelectric coefficients are higher than e.g. for quartz 
crystals, but lower than for PZT ceramics. It is highly desirable to improve the 
piezoelectric coefficients for the possible applications of polymers. 

PVDF polymer is used in copolymers with TrFE in certain range of its molar 
ratio. This procedure will increase crystallinity ratio of the polymer up to 90%. 
Therefore such copolymers exhibit much stronger piezoelectric activity. The most 
interesting molar ratio range is 60-80% of PVDF. In that range the thickness elec- 
tromechanical coupling factor k, reaches its maximum value (k? is a measure for 
the electromechanical energy conversion). Copolymerized TrFE units decrease the 
Curie temperature of the polymer (e.g. Oc = 80°C for P(60%VDF/40%TrFE) 
polymer). 


7.14 Piezoelectric Composites 


Aim of this paragraph is a short description of the very wide material group — 
piezoelectric composites — with the special attention to the hydrophone applications. 
Non-homogeneous structures are often called piezoelectric composites if at least one 
of the phases is piezoelectric. Two or even more phases joined together are involved 
in the composite structure. Quality of the mutual joints between phases involved is 
the most important material issue today (chemistry, physics, material research etc.). 
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For the composite structure it is not important whether the phases are different mate- 
rials or the same materials with just different crystallographic orientation. Basically, 
there are two distinct possibilities: 


A. all phases are homogeneous 
B. phases exhibit gradient in the material properties 


Group A. is well represented by many of the hydrophone composite types, piezo- 
electric bimorphs, unimorphs etc. Group B. belongs to the latest research direction 
of the functionally graded structures (examples of it could serve the RAINBOW 
and THUNDER structures with graded piezoelectric coefficient). Another important 
feature for the composite application is the direction of the composite mechanical 
load with respect to the polar axes in the piezoelectrically active phases. Load direc- 
tion could be parallel (longitudinal piezoelectric mode) or perpendicular (transversal 
piezoelectric mode) to the polar axis (Fig. 7.23). 

Composites are being designed specifically for many different applications 
(Das-Gupta 1994; Newnham 1986; Safari 1994; Tressler et al. 1999) 


e sensors (e.g. for the hydrostatic, uniaxial load) 
e transducers (e.g. ultrasound generation and detection equipment) 
e actuators (e.g. unimorphs, bimorphs etc.) 
Among the many factors designed for the particular composite application 
following quantities should be pointed out 
e electromechanical coupling factor (depends on the mode the composite structure 
is used for) 
piezoelectric coefficients (e.g. hydrostatic charge or voltage coefficients dp, gn) 
acoustic impedance (acoustic matching conditions) 
dielectric constant (control electric circuit design) 
dielectric and mechanical losses (tan ó, Qm) 
(ultra)sound velocity 
coupling between the thickness and lateral modes (cross-talk between array 
elements in phased array structures) 
easy processing and flexibility of the material 
e manufacturing costs 





Fig. 7.23 Longitudinal (/eft) and transversal (right) piezoelectric mode composite. Example for 
the composite structure type 2-2 
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Composites must be designed with respect to the specific application needs, 
which could be represented by not just one parameter. Several parameters could 
compete in the composite's figure of merit (FOM). 


PZT or other types of the ferroelectric ceramics (PMN-PT, PbTiOs, etc.) are used 
as a piezoelectric phase in the composite structures. Along with the high piezoelec- 
tric coefficients their properties could be designed by the poling after the composite 
structure is manufactured. It is a great advantage e.g. for the composites with the 
randomly oriented ceramic grains. The same poling process is applied as for the 
ferroelectric ceramics but the poling properties are usually limited by the other com- 
posite phases (e.g. due to the small permittivity with respect to the piezoelectric 
ceramic phase). Non-piezoelectric phases and the quality of mutual joints are very 
important in the transfer of the mechanical load between phases. Different types of 
the organic polymers are usually involved (e.g. PVDF etc.). Another important non- 
piezoelectric phases improving composite's figure of merit are various high-module 
fibers (glass, carbon). Their role is important e.g. for the transversally reinforced 
composite (Haun et al. 1983). Also the piezoelectric composites based on two piezo- 
electric phases were reported (e.g. PVDF polymer and PZT or PbTiO} ceramic 
grains, see e.g. Smith 1990). Piezoelectricity in both (or even all) phases is not 
required for the efficient piezoelectric composite. 

There are numerous manufacturing techniques tested and reported already for 
the piezoelectric composites and new techniques are being further developed (Safari 
1994) 


tape casting 

forming 

aligning of the rods, bars, plates 
dicing and filling 

replamine process 

lost-wax process 

relic process 

BURPS (burned out plastic spheres) 


Simple method for the classification of the composites has been developed using 
so called connectivity pattern (Newnham et al. 1978). Connectivity of the phase 
(through the composite body) in certain direction allows for the finding of the 
continuous path inside this phase. For diphasic composite there are 10 different 
connectivity pattern 0-0, 1-0, 2-0, 3-0, 1-1, 2-1, 3-1, 2-2, 2-3, 3-3. Symbol 1-3 
means the first phase connective in one direction, second phase connective in all 
three directions (Fig. 7.24). For the more component composites each phase has 
its own number in the symbol. However the number of all possible phase con- 
nectivity pattern grows rapidly with increasing number of phases. Type of the 
connectivity pattern is not enough to describe the composite structure unambigu- 
ously. General conclusions about the composite material properties cannot be done 
on the connectivity type only. 
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Fig. 7.24 Different 
connectivity pattern for 
two-phase composites. First 
number is displayed in the 
black and second number in 
the white color 








3-3 (front and top view) 


Effective (average) material properties are used for the composite description. 
They depend on the material properties of the phases, mutual interface quality, vol- 
ume ratio of phases as well as on the dimension of each phase with respect to the 
remaining phases and the whole composite. 

Following parameters are important for the hydrophone applications: 


e hydrostatic piezoelectric charge coefficient d, [10~!*CN~!] 

e hydrostatic piezoelectric voltage coefficient gp [10-?VmN-!] 

e hydrostatic figure of merit dy 2, [107 ^m^N^! ] 
Charge coefficient dp is a measure for the electric displacement D3 (1.e. electric 
charge density) per unit hydrostatic pressure (—p) 


D 
dy = = Qha td Tan (7.16) 


voltage coefficient g, measures the voltage generated under the unit hydrostatic 
pressure (—p) 


Ust dj 
2, = -—— = (737) 
(—p) £33 


where f is a thickness of the sample. Finally, the product d; ; is the volume density 
of the energy generated in the sample by the unit hydrostatic pressure. 

The easiest approximation for the effective material property calculation is so 
called “isostress-isostrain” approximation (Skinner et al. 1978; Smith et al. 1989). 
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All strains and stresses are supposed to be uniform and homogeneous in the whole 
volume of each particle in all phases. Mutual interactions are realized at the phase 
interfaces. Strains and stresses are distributed in a different manner for the different 
components as well as for the different volume distributions of the phases. Let us 
demonstrate the approximation for series and parallel connection of two phases (Fig. 
7.25). In series connection, stress component along x3-direction is the same in all 
phases, while the strain is different in the phases due to the different stiffness. On 
the contrary, strains are the same in both phases in the direction perpendicular to 
the x3-axis, while the stresses are distributed differently in both phases. Assuming 
all interface conditions, following effective material properties could be calculated 
(similar method is applied also to the parallel connection of the elements) 


e for the series connection 


(1) (2) 
€44 € 
eff == 33 “33 (7.18) 
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1 (1) 0 2) 12) (1) 
vU dis 8353 + vd ess 


ds — —_ BR E (7.19) 
DER ER 
1 2 

geli — VD + Ig (7.20) 


e for the parallel connection 
eS. o VOS + OE (7.21) 
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Fig. 7.25 Parallel (a) and series (b) connection of phases 


7.14 Piezoelectric Composites 169 


pe y dis (2) +y ds = 


gilt — (7.23) 


DADO + ws 
(0/53 + )( + ) 


where vU, y) are the volume ratios, e and s are the dielectric constant and the 
elastic stiffness. The isostress-isostrain approximation does not take into account 
any aspect ratios of the composite phases particles. Due to the homogeneous 
values of the stress/strain necessary discontinuities in these values appear at the 
phases' interfaces. 


Effective material properties (Newnham 1986) could exhibit values either in the 
range given by the material coefficients of both phases (sum property), or lie beyond 
that range (combination property). As an example of the combination property 
could serve the effective hydrostatic charge coefficient for the parallel connection 
of phases. The effective hydrostatic charge coefficient could be calculated as 


vdd S + vd; DS 


eff eff eff _ m (1) a) (2) 42) 
di = di + 245 = — ~~ a + 200427 Oe (724) 
VU 7$33 + V $34 


For the composite based on the PZT ceramics and on the non-piezoelectric poly- 
mer distributed with the same volume ratio (t) = yWY = 1 /2) following relations 
hold 


Resulting effective charge coefficient 


l id 1 
d a 5433 Soa,” (7.26) 


is much higher than the hydrostatic piezoelectric charge coefficient in both involved 
phases. Another interesting possibility, which could occur in the composite struc- 
ture, is a creation of the completely new material property (product property). A 
magnetoelectric composite made from ferroelectric BaTiO3 and ferrimagnetic tita- 
nium ferrite was reported (Newnham 1986). Particles of both components are mixed 
and solidified in an intimate dense composite. Application of the magnetic field 
causes a shape change for magnetic grains due to the magnetostriction effect. The 
strain is transferred to the ferroelectric grains resulting in an electrical polarization. 
The effective material symmetry of the composite body is given by the over- 
lap of the crystallographic symmetry elements of all phases (Neuman’s principle) 
together with the geometric mixing rule for phases. In the finite composite body, 
also the boundary conditions could contribute to the effective material symmetry. 
Anisostropy of the material properties could be enhanced as well as lowered by 
the geometry conditions for the composite phases. Composite properties could be 
tailored to the wide variety of required parameters for specific application needs. 
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7.14.1 0-3 Composites 


Composites of this connectivity type are usually built by the particles (Fig. 7.26) dis- 
tributed randomly in the polymer matrix (Banno 1983; Das-Gupta 1994; Dias and 
Das-Gupta 1996; Fries and Moulson 1994; Furukawa et al. 1976; Gomez et al. 1998; 
McLachlan et al. 1990; Marra et al. 1999; Jayasundere and Smith 1993; Jayasundere 
et al. 1994). Grains must be from the ferroelectric material (mostly PZT, PbTiO3) 
allowing for the electrical poling. Otherwise the random orientation of the grains 
would destroy any macroscopic piezoelectricity. Simple formulas for the effective 
material property calculation could be derived in the isostress/isostrain approxi- 
mation for the system of regularly distributed sphere or cube particles. Effective 
material properties depend on the material properties of both phases as well as on 
their volume ratio. Volume ratio in the system of equal randomly distributed spheres 
is limited to 7196. 

Another crucial moment is the mutual dimension ratio. Higher volume ratio of 
the particles could induce one-dimensional connectivity between particles in contact 
(i.e. 1-3 connectivity). Volume ratio of 1-3 connectivity v¡-3 (Jayasundere et al. 
1994) depends on the ratio of the composite thickness t and the typical particle's 
dimension a (e.g. diameter) 


via = Wa (7.27) 


where v() is the volume ratio of the piezoelectric phase. 1-3 connectivity pat- 
tern could be induced for the particles of the comparable size with respect to the 
composite thickness (either for very thin composite film or for big size particles). 
The most important improvement in the effective material properties appears in 
the value of ga due to the lower dielectric constant of the composite with respect to 
the ferroelectric ceramic grains (for example e = 100089 for PZT, €% = 1080 


for the polymer and e ~ 100&9 for the composite). The hydrostatic piezoelectric 





Fig. 7.26 Typical configurations of the most important composite types 0-3, 1-3 and 2-2 
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coefficient dy, of the composite is lower than for the PZT ceramics. The main advan- 
tages of this type of composite structure are an easy manufacturing and flexibility 
to the complex shapes but there is one substantial drawback in the poling process. 
Due to the big difference in the dielectric constant for the polymer and ceramics the 
electric field inside the ceramic grains is very small. This problem could be partly 
solved by using conductive additives (e.g. carbon grains) for the polymer matrix 
(Sa-Gong et al. 1986). Generally, the polarization of the 0-3 composite could not 
reach high and stable values. Maximum of the effective piezoelectric coefficient dj 
(Fries and Moulson 1994) could be reached for the relatively high ceramics volume 
content (40—60%) close to the possible maximum content (71%). Surface tension 
transfer at the interfaces is a crucial point in the manufacturing of the composites 
with this connectivity type. 


7.14.2 1-3 Composites 


An alignment of the piezoelectric phase (Fig. 7.26) is much better for this con- 
nectivity pattern (Haun et al. 1983; Gururaja et al. 1985a,b; Chan and Unsworth 
1989; Smith and Auld 1991; Cao et al. 1992; Smith 1993). Piezoelectric phase 
is distributed regularly in the shape of parallel bars with different cross-sections. 
Elements could be poled before or after the structure is set up from the phases. 
Composite could be poled better than 0-3 type due to the one-dimensional connec- 
tivity of the piezoelectric phase in poling direction. This type of connectivity is also 
important in the phased arrays for the medical ultrasound probes. The array elements 
could be also operated separately with different signal phase shift. Manufacturing 
technique “dicing and filling" allows for the bars with the small aspect ratio. Also 
the alignment of the extremely thin piezoelectric fibers (PZT fibers of 80 jum in 
diameter) is the possible procedure how to enhance the operating frequency for the 
composite material. 

Effective material coefficients for the hydrophone application of 1-3 composite 
(Smith 1983) could be estimated in isostress/isostrain approximation as a function 
of the ceramic volume content v 


e effective piezoelectric coefficients 





qe 
dy! =d 2dy. gf = -i (7.28) 
Eh 
= (1 — vs — sE) 
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e effective dielectric constant 
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En, = Vl Ex —d +(1—v)eq1 (7.30) 
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e effective hydrostatic coupling factor 
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where the superscripts ^ and ^ are for the ceramic material constants. The 
other phase is supposed not piezoelectric and their coefficients are without the 
superscripts. 


Depending on the values of the material coefficients the effective material prop- 
erties could reach values higher than for both constituent phases (see aq E in 
Fig. 7.27). Maximum values of the hydrostatic figure of merit (FOM) appear A rel- 
atively low ceramic volume content (up to 2096). Polymer matrix (non-piezoelectric 
phase) transfers the elastic stresses to the piezoelectric phase (e.g. PZT bars). Such 
stress transfer could be further enhanced if both constituent phases are piezoelectric 
(see Kar et al. 2000 e.g. for the ferroelectric PVDF polymer and PZT bars compos- 
ite). Similar calculations of the effective material coefficients in isostress/isostrain 
approximation could be done for thickness-mode resonant properties of 1-3 compos- 
ite (Smith and Auld 1991). More complicated estimates include non-homogeneous 
stress/strain distribution in the constituent phases. Calculations were done for sin- 
gle bar of tube with circular cross-section in the infinite polymer matrix (Zhang 
et al. 1993). Effective hydrostatic a and gil coefficients increase with the smaller 
aspect ratio (i.e. the ratio of the diameter/length) of the piezoelectric bars, i.e. for 
thinner PZT bars. Another attempt to describe the non-homogeneous stress/strain 
distribution is the finite element modeling of the piezoelectric composites. It was 
reported (Hossack and Hayward (1991), Hayward and Bennett (1996)) for the 


7.14 Piezoelectric Composites 173 


8 dh 10^- LC N gh 10^ -2Vm N 
8 
6 
6 
4 
4 
2 2 
0 0 
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 
dhgh 10^ - 12 Pa 
245 
2 
1.5 
1 
0.5 


0 0.2 0.4 0.6 0.8 1 


Fig.7.27 Effective hydrostatic piezoelectric coefficients for 1-3 composite. Piezoelectric phase is 
PZT5 [Table I. in Smith (1993)] with 

sy = 18.8 x 10 ^m N35 =—7 22 10120 N > 

das = 374 x 10 PCN^1,d3; = —171 x 109 CN, el, = 170080 


polymer matrix is Stycast with sj; = 108 x 107!2m2N7!, 519 = —32 x 10 ?m?NC1, 811 = 4e0 


piezoelectric bars with different cross-sections (circular, rectangular and triangu- 
lar). Dependence of the hydrostatic FOM go vs. the bar aspect ratio has been 
calculated numerically by this method with similar results than in other methods. 

Composites with 1-3 connectivity pattern could be also transversely poled (TP). 
PZT tubes with the electrodes on the inner and outer radius surfaces are dispersed 
in the polymer matrix (Zhang et al. (1993; Wang et al. 1995). Volume in the tube 
is either filled by the polymer or left empty and end-capped by the additional poly- 
mer cover plate. Under the assumption of the isotropic PZT ceramics the effective 
piezoelectric coefficients could be calculated for single tube 


D P NS — (7.35) 
3 RE nln Ë 
af = 3. Ë S dut Das] (1.36) 
(R + r)In Ë r R 


where T is the tube length, R and r are outer and inner tube radii. Tailoring the 
tube radii properly, possibly both effective coefficients are of the same sign contrary 
to that in PZT ceramics. Composite’s effective properties depend also on the poly- 
mer matrix material and on the interface quality, 1.e. on the stress transfer between 
both phases involved (Zhang et al. 1993). For the parameters R = 0.635 mm, 
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r = 0.381 mm, T = 1.5 cm, d33 = 289 x 10 2CN^!, dz} = —141 x 107!2CN7!, 
the effective material coefficients T = —8180 x 10- '2CN^! and qu — —3220 x 
10- 2CN-! are calculated. 

Extremely thin tubes with inner diameter of 19 jum, length 2 cm and wall thick- 
ness 0.8 jum made from PZT ceramics were reported (Fox 1995). This excellent 
aspect ratio is promising for their composite application. 


7.14.3 2-2 Composites 


This connectivity pattern (Fig. 7.26) is practically used in 1D-arrays for the medical 
ultrasound probes. Composites of this particular type are easier to make by “dicing 
and filling" technique or by the alignment of the piezoelectric plates. Again the com- 
posite's poling is enabled by the connectivity of the piezoelectrically active phase in 
the poling direction (Cao et al. 1993, 1995). 

Effective material properties could be easily calculated using the 
"isostress/isostrain" approximation (see parallel connection of phases in Eqs.(7.21), 
(7.22), and (7.23)). More complicated estimates include also non-homogeneous 
stress/strain distribution over each phase (Cao et al. 1993). Effective piezoelectric 
coefficient de depends on the aspect ratio (1.e. on the ratio of 1D-period length 
vs. composite thickness). It is much smaller than ceramic's d33 for low ceramics 
content in PZI/epoxy composite (Cao et al. 1993). On the contrary, the effective 
"uniaxial" figure of merit ds d is higher for aspect ratios lower than 1 and 
for lower ceramics volume content. Stress/strain distribution over the composite” 
surfaces could be further designed by the additional uniaxially reinforced plates 
(Cao et al. 1995). 

2-2 connectivity pattern allows also for the transversely poled (TP) composite 
(Zhang et al. 1995). Ceramic plates are poled in the direction of their thickness 
and perpendicularly to the direction of the composite thickness. Such system is 
more complicated with respect to the necessary inner electrodes, which must be 
properly interconnected (Zhang et al. 1995). Composite' surfaces are uniaxially 
reinforced by the plates preventing PZT plates from the stresses acting in the PZT's 
poling direction. Effective hydrostatic piezoelectric coefficients for the composite 
(isostress/isostrain approximation for PZT ceramics and non-piezoelectric epoxy 
polymer matrix, both phases are supposed as isotropic) 


Q) : 
(1 — o(2)s V 
(1 — »YX1 — o())s +A —ot2)s | £33 
T 1 — o Qs 
a Em 2d; in (7.38) 
t (1 — »Y1 — o(D)si] + vd -osi 


therefore depend on PZT's d3¡ coefficient only. The superscripts © and Y are 
related to the piezoelectric phase and to the non-piezoelectric polymer matrix. 
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Fig. 7.28 Effective hydrostatic piezoelectric coefficients for 2-2 composite. Piezoelectric phase is 
PZTS5 [Table I. in Smith (1993)] with 

sf, = 18.8 x 10 mN I, sf, = —722 x 10 ^ m^N^1 

d33 = 374 x 10 CN, d31 = —171 x 10 2 CN!" el, = 170080 


polymer matrix is Stycast with sj; = 108 x 10 ?m?N, s, = —32 x 107? m2N7!, e, = 4&0 


Because both coefficients d33 and ds for PZT ceramics exhibit different signs, the 
uniaxially reinforced and TP 2-2 composites could reach the highest effective hydro- 
static coefficient values. It is Interesting, that the effective FOM in Eq. (7.37) does 
not depend on the aspect ratio (1.e. on the ratio of the composite’s thickness T vs. 
the piezoelectric plate thickness f) but the value of a (Eq. (7.38)) does (Fig. 7.28). 
Values as high as d ~ 30000 x 107 P m?N-! were reported on the samples 
(Zhang et al. 1995). 


7.14.4 Miscellaneous Composite Structures 


The best today’s composite structure with 2-2-0 (air cavity) connectivity — Moonie 
— uses flextensional principle (Dogan et al. 1997; Fernandez et al. 1998; Xu et al. 
1991; Zhang et al. 1999). Composite is made from the ceramic disc (PZT ceramics) 
and from two metallic plates (e.g. brass) with small air cavities (Fig. 7.29) glued 
together. By means of the metallic caps the hydrostatic pressure on major transducer 
surface is transferred to the longitudinal tension of the ceramic disc. This stress 
transfer will improve significantly the effective hydrostatic piezoelectric coefficient 
of the structure due to the different signs of d33 and ds coefficients in PZT ceramics. 
The effective hydrostatic coefficient ae could be further tuned in the value by the 
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a) 


Fig. 7.29 Moonie (a) and Cymbal (b) transducer 


optimum dimensions of the metallic caps and the air cavity depth. Design of moonie 
transducer was also further improved by removing edges of metallic caps (they are 
not active in the stress transfer) in new design called cymbal transducer. The highest 
value of a = 15000 x 107 '? CN^' coefficient was reported (Dogan et al. 1997) for 
properly tailored cymbals measured over the small area in the disc center. Cymbal 
transducer is suitable also for actuation functions. Typical values of the blocking 
force 15 N and the displacement of 40 jum were measured on PZT/brass cymbal 
with 12.7 mm in diameter and 1.7 mm in thickness at 100 V. Cymbal transducer 
was patented (Newnham et al. 1994) and it is commercially manufactured and used. 
Cymbal transducers are studied for possible sonar applications in single (Zhang 
et al. 1999) or array (Zhang et al. 2000) configuration. 

Another example of the piezoelectric composite structures either with 3-0 or 
3-] connectivity is the miniature piezoelectric hollow sphere transducer (Alkoy 
et al. 1997; Fernandez et al. 1996; Meyer et al. 1994). Technique allowing for the 
manufacturing of the extremely small thin-walled bubbles (1-6 mm in diameter 
and 80 um wall thickness) from PZT slurry has been developed. Such bubbles 
could be electroded and poled either radially (3-0 connectivity) or cylindrically 
(3-1 connectivity) if the hole is drilled through the bubble (Fig. 7.30). Composite 
structure vibrates in radial (breathing) or in thickness mode. Effective hydro- 
static piezoelectric coefficient m as well as ae is significantly enhanced with 
respect to PZT ceramics. Typical values for the radially poled bubble-ball struc- 
ture (inner radius 1.30 mm, outer radius 1.38 mm, wall thickness 80 um) are 


electrodes 


y a 


a) b) 





Fig. 7.30 Bubble-Ball transducer poled radially (a), cylindrically (b) 


7.14 Piezoelectric Composites 177 


d? = 1800 x 10 7CN^! and df" gt! = 324000 x 10 Pm?N'!. Although 
the hydrostatic FOM is higher for bubble ball structure it is more sensitive to the 
mechanical damage than moonie transducer. 

Similar to 2-2 composite more complicated geometry was reported for 3-1 
connectivity pattern (Zhang et al. 1996). Honeycomb PZT structure was manu- 
factured by the extrusion technique. Consequently the inner faces are electroded 
and the voids are either filled by the polymer (which results in stiffer structure) 
or left empty and end-capped by the additional polymer plate. This configuration 
allows for higher effective hydrostatic figure of merit. Values as high as a2 X 
50000 x 107? m?N-! were reported on the samples (Zhang et al. 1996) however 
the structure is less resistant to the mechanical damage. 

Also 3-3 composites were reported (Bowen et al. 2001). Such structures exhibit 
better poling properties due to the piezoelectric phase connected in all 3 dimensions 
however the technology of making it is more complicated. 


7.14.5 Materials with Functionally Graded Properties 


Materials with the gradient in functional properties could serve as an exam- 
ple of intermediate material class on the boundary between homogeneous and 
non-homogeneous materials. Recently developed technique allows for the manu- 
facturing of unimorph-type devices, namely Reduced And INternally Biased Oxide 
Wafer (RAINBOW) or THin layer UNimorph DrivER and sensor (THUNDER) 
(Almajid et al. 2001; Elissalde and Cross 1995; Elissalde et al. 1996; Wu et al. 
1996; Wise 1998). 

RAINBOWS are produced by chemically reducing one side of PZT ceramic 
plate at elevated temperatures. PZT plate is placed on graphite block and heated to 
975°C. After quenching to room temperature one side of PZT plate is reduced and 
highly metallic non-piezoelectric layer is created. Similarly, the conductivity gradi- 
ent could be induced during doping of PZT plate by the conductive additives, e.g. 
by zinc borate (Wu et al. 1996). During poling procedure an electric field is located 
mainly in the non-conductive half of the plate and this part is poled. This section 
will have a significant piezoelectrically induced elongation when a driving voltage 
is subsequently applied. Bending of the ceramic unimorph plate is then induced. 
The conductivity gradient could be designed in stepwise manner or made to change 
continuously across the thickness. 

THUNDER actuators are produced by bonding of thin piezoelectric ceramic 
plate to metal sheet at elevated temperature by using a high-temperature adhe- 
sive. Internal stresses are induced in such actuator due to the ceramic-metal thermal 
expansion mismatch. This process leads to curved stress-biased actuator capable of 
high displacements. 

Both types of structures do not include any pre-stressed metal to ceramic struc- 
tural bonds (like for example conventional bimorphs), which could lead to lifetime 
limitations. 
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Appendix 


This paragraph gives the necessary conventions and abbreviation for the tensor com- 
ponents of elastic, piezoelectric, pyroelectric and dielectric properties and for the 
thermal expansion coefficient (Tables A.1 and A.2). Tensor and matrix notation is 
adopted according to Nye (1957); material tensors tables according to Sirotin and 
Shaskolskaya (1982). 


Table A.1 Tensor and matrix notation — abbreviation of indeces 


Tensor notation 11 22 33 23 or 32 13 or 31 12 or 21 


Matrix notation 1 2 3 4 5 6 


Table A.2 Conventions used for the tensor components 


Symmetry of tensor 


components Matrix notation 
Mechanical stress T;=T;i T;=T, 
Mechanical strain Sj-Sj S,=5j¡ for A=1,2,3 
Sa —2Sij for A=4,5,6 
Electric field E; E; 
Electric displacement D; Dj 
Pyroelectric coefficient Dj Di 
Dielectric constant &ij—£ji En 
Thermal expansion coefficient  aj=ajj Oy, 
Piezoelectric coefficient dijk=dik dj, —dijy for A=1,2,3 
din. —2dijk for A=4,5,6 
Cijk=Cikj Cin =€ ¡jk 
Elastic modulus Cijkl —Cjikl —Cijlk—Cklij CA =C;jjkl 
Elastic compliance Sijkl —Sjikl —Sijlk —5klij Sr. =Sijkl for A,u=1,2,3 


$4,, 2sik for A=1,2,3, u=4,5,6 
Sh =A Sifts for à, u=4,5,6 


Pyroelectric properties are not allowed in symmetry classes 7, 2/m, 222. mmm, 4, Alm, 422, 42m, 
4/mmm, 3, 32, 3m, 6, 6/m, 6/ mmm, 622, 6m2, 43m, 23, m3, 432, m3m 


Piezoelectric properties are not allowed in symmetry classes 1 , 2/m, mmm, Alm, 4/mmm, 3, 3m, 
6/m, 6/mmm, m3, 432, m3m 


J. Tichy et al., Fundamentals of Piezoelectric Sensorics, 187 
DOI 10.1007/978-3-540-68427-5, © Springer-Verlag Berlin Heidelberg 2010 
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Triclinic 1 


Elastic properties 


C11 C12 C13 C14 C15 C16 S11 $12 $13 $14 $15 S516 
C12 C22 C23 C24 C25 C26 512 $22 523 $24 525 $26 
C13 C23 C33 C34 C35 C36 513 $23 $33 $34 $35 S36 
C14 C24 C34 C44 C45 C46 514 $24 $34 $44 $545 $46 
C15 C25 C35 C45 C55 C56 515 $25 535 $45 555 S56 
C16 C26 C36 C46 C56 C66 516 $26 $36 $46 $56 566 


Piezoelectric properties 


dij dio dis di4 dis dig e11 €12 €13 €14 €15 €16 
dos do» das do4 dos dog €21 €22 €23 €24 €25 €26 
d31 d32 d33 d34 d3s dag €3] €32 €33 €34 €35 €36 


Dielectric properties Thermal expansion coefficient Pyroelectric properties 


£11 €12 €13 011 012 013 
£12 €22 €23 012 022 073 (pi po p3) 
E13 €23 €33 013 03 033 


Triclinic 1 


Elastic properties 


C11 C12 C13 C14 C15 C16 S11 $12 $13 $14 $15 S16 
C12 C22 C23 C24 C25 C26 512 $22 523 $24 $525 526 
C13 C23 C33 C34 C35 C36 513 $23 $33 $34 $35 S36 
C14 C24 C34 C44 C45 C46 514 $24 $34 $44 S45 S46 
C15 C25 C35 C45 C55 C56 515 $25 535 $45 S55 S56 
C16 C26 C36 C46 C56 C66 516 $26 $36 $46 $56 $66 


Dielectric properties Thermal expansion coefficient 


El] €12 €13 a11 X12 013 
E12 €22 €23 012 422 023 
e13 €23 €33 0413 0423 033 
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Monoclinic 2 (2||x2) 


Elastic properties 


C11 C12 cs 0 
Cid co ca `Ü 
C13 C23 C33 O 
0 0 0 Ca 
C15 C25 €35 Ü 
0 0 0 cag 


cos 0 

C35 Ü 
Ü c46 

css 0 
Ü c66 


Piezoelectric properties 


0 0 0 dia 


dz, do? do3 0 


0 0 0 da 


Dielectric properties 


€11 O 813 
0 £935 0 
€13 Ü 833 


Monoclinic 2/m (mLx2) 


Elastic properties 


Cj) C12 cis 0 
612.0252. oR -U 
cia C23 C33 O 
0 0 0 Ca 
C15 C25 €35 Ü 
0 0 0 cag 


Dielectric properties 


€11 Ü e13 
0 E22 0 
€13 Ü £33 


0 dig 


dos Ü 


O d36 


QT] 
0 ar 
013 


C15 0 
cos Ü 
cas 0 
0 c4 
css Ü 
Ü c66 


ON 


011 
0 ar 
013 
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811 ss Ü s5 O 
$12 $22 53 O s5 O 
S13 S823 453 0 s35 Ü 
0 0 0 sa Q S46 
sis 525 $35 O sss Ü 
0 0 O sí O 566 
0 0 O el O eie 
e21 em e3 Ü ez 0 
0 0 0 e34 Ü e3 


Thermal expansion coefficient 


$11 512 513 O 
512.555» ds Ü 
$13 $23 $33 Ü 
0 0 0 sa 
$15 S25 $35 Ü 
0 0 0 sí 


Thermal expansion coefficient 


Pyroelectric properties 


(0 p» 0) 


sos Ü 

$35 0 
Ü 546 

555 0 
Ü 566 
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Appendix 


Monoclinic m (m Lx) 


Elastic properties 


C 
C 
C 


C 


11 €i2 c13 Ü cis O $11 S12 5313 O s15 O 
ij Oe Oe Ü G5 Ü $12 5253 O s5 0 
13 €23 C33 0 c35 O $13 53 533 O 535 O 
0 0 O ca Ü cag 0 0 0 s44 Ü S46 
15 C25 €35 Ü css Ü $15 $25 $35 Ü sss Ü 
0 0 0 cas Ü c66 0 0 O sa O 566 


Piezoelectric properties 


dij dio d3 O dis O en €12 e3 O e15 Ü 
0 0 0 dy 0 dog 0 0 0 e» 0 ex 
d31 d32 d33 0 d35 O0 e31 €32 €33 0 ez Ü 


Dielectric properties Thermal expansion coefficient Pyroelectric properties 


€11 Ü £13 a11 Ü 03 

0 e2 0 0 o» 0 (pi 0 p3) 
€13 Ü 833 dis Ü 03 
Orthorhombic 222 


Elastic properties 


£u open 0 0 O s11 $12 54$ O 0 O 
612 On cs Ü O0 O0 $12 523 5293. 0 0 0 
Cis. 0054 03$ O Ü O $13 523 5333 O 0 0 
0 0 0 ca 0 0 0 0 0 s4 0 O 
0 0 0 0 css O 0 0 0 O 555 0 
0 0 0 0 0 c6 0 0 0 0 0 s66 


Piezoelectric properties 


000da 0 Ü 000é4 0 O 
000 0 ds Ü 000 0 es O 
000 0 0 d3 00:0 0 O 236 


Dielectric properties Thermal expansion coefficient 


£11 0 0 011] 0 0 


0 em O0 0 an 0 
0 0 23 0 0 aos 
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Orthorhombic mm2 


Elastic properties 


cj; Co c 0 0 O sip 512 514. 0 0-0 

do 6550053. 0. UY 5124505 52$ 0 O 0 

cds es Ü O0 O $13 523 533 Ü 0 0 

0 0 0 cag 0 O 0 0 0 s4 0 O 

0 0 0 0 css O 0 0 0 O 555 O 

0 0 0 O0 O c6 0 0 0 0 OÓ S66 
Piezoelectric properties 

0 0 0 O dj, O 0 0 O O els O 

0 0 0 dy 0 O 0 0 O e4 0 0 

dij d32 d3 0 0 0 €31 €32 0633 Ü 0 0 
Piezoelectric properties (mm2 C 42m) 

0 0 0 dia dis O 0 0 0 e4 e15 O 

0 0 0 dis dua O 0 0 0 eis e4 O 

d3 d31 das 0 0 dag e31 €31 €33 Ü O e36 


Dielectric properties Thermal expansion coefficient Pyroelectric properties 


€u 0 0 a1, O 0 
O em O 0 o» O0 (0 0 p3) 
0 0 £3 0 0 a 


Orthorhombic mmm 


Elastic properties 


cm ep ca 0 9 99 51; 512 513 O O0 O 
£15 c2 c3 0 0 O 512.395 ss U 0-0 
£613 003 cs Ü O 0 $13 323.533 O 0 0 
0 0 0 ca 0 0 0 0 O s4 0 O 
0 0 0 0 css O 0 0 0 0 555 O 
0 0 0 0 0 c6 0 0 0 O O s6 


Dielectric properties Thermal expansion coefficient 


€11 0 0 011 0 0 
0 em O0 0 o» O0 
0 O £3 0 0 ao33 
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Trigonal 3 


Elastic properties 


CH Ci Cis C4 655 0 Si $42 Sig a —595 0 

012. Cit Cig —Cí4 C25 0 $12 511 $13 —$14 525 0 

£613. cia 63 0 0 0 $. wig dug. O 0 0 

C14 —Ccl4 Ü C44 0 C25 S14 —$14 Ü 544 0 2525 
—c25 €205 O0 O öğ C14 —$25 $25 Ü Ü S4 2514 

0 0 0 cs cu (cii — c12) 0 O Ü 2555 2514 26811 = S12) 

Piezoelectric properties 

di —di O di4 dis —2d2 jq —en. U eij 215. ~ez 
da d» O dis —di4 —2d11 =O 00 0 ¿5 ~eja eji 
da ds d3 O 0 0 e31 €31 033 0 0 0 


Dielectric properties Thermal expansion coefficient Pyroelectric properties 


en 0 0 a1, 0 0 

0 eu 0 0 ay 0 (0 0 ps) 
0 O 233 0 O azz 

Trigonal 3 


Elastic properties 


Cit €p Cis Cu 655 0 $11 512 513 514 — 825 0 
ĉa Cup Ogg 1095 0 $12 S1] $513 —$14 525 0 
cia Ca 35 U 0 0 $13 $13 533 0 0 0 
ci4 —cCc4 O ca 0 C25 514 —5$14 O s4 0 2525 
—c05 €205 Ü O0 cy C14 —so5 s25 Ü O0 S4 2514 
0 0 O cs ci (cu — C12) 0 0 0 2855 2514. 281p 9:512) 


Dielectric properties Thermal expansion coefficient 


en. 0 0 aj; 0 0 
O e11 O 0 ay O0 
0 0 235 0 0 QU 
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Trigonal 32 (2||x1) 
Elastic properties 
C Ca Ci3 C4 0 0 $11 512 $13 S4 0 0 
C12 CH Ci3 —c14 Ü 0 $12 S11 $13 514 0 0 
cis Cia ds Ü 0 0 $13 $13 533 0 0 0 
ci4 —c14 O ca 0 0 $14 =514 O s4 0 0 
0 0 0 0 C44 C14 0 0 0 0 $44 2514 
0 0 0 O c14 (cu — €12) 0 0 0 Ü 2814 2811812) 
Piezoelectric properties 
dij —dij Oda Ü 0 eji ~ei Oe 0 0 
0 0 0 0 —di4 —2d11 0 0 00 —el4 —e11 
0 0 00 0 0 0 0 00 0 0 
Dielectric properties Thermal expansion coefficient 
g 0 0 aj; 0 0 
O =u 0 0 oj O0 
0 0 233 0 0 QU 
Trigonal 3m (m.Lx1) 
Elastic properties 
Ci} C12 C13 Ca Ü 0 $11 $12 $13 $14 Ü 0 
612 Ci: ás 4 0 0 $12 $11 $13 =s14 Ü 0 
C13 CI3 c33 0 0 0 513 513 s3 0 0 0 
ci4 —c14 O ca 0 0 $14 =514 O sy 0 0 
0 0 0 0 C44 C14 0 0 0 0 $44 2814 
0 0 0 O cuu (cu — jo) 0 0 0 O 24 251 -— 512) 
Piezoelectric properties 
0 0 0 0 dis —2d 0 0 0 0 eis —eo 
-dz d 0 di O 0 —e55 en Ü es O 0 


di dya d3 0 0 0 es €1 634 0 0 0 
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Dielectric properties Thermal expansion coefficient — Pyroelectric properties 


g 0 0 a1, 0 0 
0 em 0 0 oj 0 (00 p3) 
0 0 233 0 0 azz 


Trigonal 3m 


Elastic properties 


ei €i Ca cg Ü 0 $11 $12 $13 $14 Ü 0 
cio cu € du U 0 $12 $11 $13 —s514 Ü 0 
ca cn Gs 0 O 0 $13 $13 $33 0 Q 0 
ci4 =C14 O ca O 0 $14 =514 O sy 0 0 
0 0 0 0 C44 C14 0 0 0 0 $44 2514 
0 0 0 0 cu (c —c12) 0 0 0 O 2s 2511 — 512) 
Dielectric properties Thermal expansion coefficient 
e11 0 0 aj; 0 0 
O =u O 0 oj O0 
0 0 €33 0 0 0033 
Tetragonal 4 
Elastic properties 
Cn c12 cis Ü O0 ci6 Si, 4197 Sia Ü U sig 
£15. CH “Cis: 0 0 —ci6 $12 $11 $13 Ü 0 — S16 
cas ce wap 0 U 0 $13 513 $33 0 0 O 
0 0 0 c4 0 0 0 0 O s4 O 0 
0 0 0 0 ca Ü 0 0 0 0 s4 0 
cji —c16 0 O O0 c66 $16 —$16 0 0 O0 S66 
Piezoelectric properties 
0 0 0 da dis O 0 0 0 eu ei5 O 
0 0 0 dis —di4 O 0 0 0 eis —e14 O 
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Dielectric properties Thermal expansion coefficient — Pyroelectric properties 


e11 0 0 aj; 0 0 

0 e 0 0 on 0 (0 0 ps) 
0 O 233 0 O azz 

Tetragonal 4 


Elastic properties 


en coa cig O 0 -cig $11 512 513 Ü O0 si 
£12. Ci cig U O =cig 510 su si 0 U- 6 
C13 As as Ü O O $13 $13 533 0 0 0 
0 0 O c4 0 0 0 0 O saa 0 0 
0 0 0 0 c4 Ü 0 0 0 0 saa 0 
C16 —c16 0 O O0 c66 $16 —S16 0 O O S66 
Piezoelectric properties 
0 0 O d4 dis O 0 0 O e4 e15 O 
0 0 0 —dis día 0 0 0 0 —€]5 €14 0 
da —d3; das 0 O d3 €31 —e31 e3 0 O eae 
Dielectric properties Thermal expansion coefficient 
£11 0 0 011 0 0 
0 €11 0 0 011 0 
0 0 235 0 0 azz 
Tetragonal 4/m 
Elastic properties 
ci cd C 0 0 c6 $11 $12 $13 Ü Ü si6 
co. CH cig 0 0 —ci6 $12 $11 $13 Ü 0 — S16 
cs ca as 0 O 0 s3 $13 533 0 0 0 
0 0 0 c4 0 0 0 0 O s4 O 0 
0 0 0 0 ca Ü 0 0 0 0 s4 0 


clo =C16 Ü O O0 c6 $16 516 0 O O0 S66 
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Dielectric properties Thermal expansion coefficient 


er 0 0 aj; 0 0 

O =u 0 O ay O0 

0 0 €33 0 0 0/33 
Tetragonal 422 


Elastic properties 


em Co c O O0 O $11 $12 $13 0 0 0 
co cH cia O 4 O $15 $11 593 O 0 O 
015-643 C3. U 0 Ü s3 $ Ü YU 0 
0 0 0 ca 0 Ü 0 0 0 s4 0 O 
0 0 O 0 c4 Ü 0 0 0 0 sa O 
0 0 0 0 0 c6 0 0 0 O OÓ s66 
Piezoelectric properties 
000da4 0 O0 000e14 0 O0 
000 0 —du O 000 0 —e14 0 
000 0 0 0 000 0 0 0 
Dielectric properties Thermal expansion coefficient 
e11 0 0 aj; 0 0 
O =u O 0 ay O 
0 0 23 0 0 a33 
Tetragonal 4mm 
Elastic properties 
En e» O y sm ms 0 U 0 
cr cH ci3 0 0 O $12 51153 0 0 0 
as as 034 O O O sig S13 $ Ü O0 OD 
0 0 0 ca 0 0 0 0 O s4 0 O 
0 0 0 0 ca Ü 0 0 0 O sa 0 
0 0 0 0 0 c6 0 0 0 0 0 s66 
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Appendix 


Piezoelectric properties 


0 0 0 0 dijs, O 0 0 0 O els O 
0 0 0 di 0 0 0 0 O e5 0 0 
d3 dà d3 0 0 0 e31 €31 €33 Ü 0 0 


Dielectric properties Thermal expansion coefficient — Pyroelectric properties 


e11 0 0 aj; 0 0 
O e11 O 0 ay 0 (0 0 p3) 
0 0 €33 0 0 0033 


Tetragonal 4/mmm 


Elastic properties 


ci da O 0 O s11 $12 s O OÜ O 
cu cH c 0 O O so Sir $13 0 0 0 
as as 0359. U 9. Ü $13 51353 O 0 0 
0 0 0 cag 0 O 0 0 0 s4 0 O 
0 0 0 0 ca Ü 0 0 0 O sa 0 
0 0 0 0 0 c6 0 0 0 0 OÓ s66 


Dielectric properties Thermal expansion coefficient 


gA 0 0 a 0 0 
O e11 O 0 ay 0 
0 0 233 0 0 a 
Tetragonal 42m 


Elastic properties 


cii ci cig Ü O0 O ms a O Ü D 
ci cH ci3 0 0 O $12 $431 sia 0 0 0 
C13 C13 033 0 0 0 $13 513 533 0 0 0 
0 0 0 c4 0 O 0 0 0 s4 O0 O 
0 0 0 0 ca Ü 0 0 0 O sa Ü 
0 0 0 0 0 c6 0 0 0 0 0 s66 
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Piezoelectric properties (2 ||x1) 


000da 0 0 000é4 0 O 
000 0 du 0 000 0 e4 0 
000 0 0 d3% 000 0 0 e3 


Piezoelectric properties (7.1 x1) 


0 0 0 0 dig 0 0 0 0 O0 els 0 
0 0 0-—di 0 0 0 0 O-e15 0 0 
d31 —d31 0 0 0 0 C31 —€31 0 0 0 0 


Dielectric properties Thermal expansion coefficient 


er 0 0 ai 0 0 
O =u O 0 ay 0 
0 0 23 0 0 03 


Hexagonal 6 


Elastic properties 


CII C12 €13 0 0 0 $11 $12 $513 0 0 0 

ci2 cn eja 0 0 0 $12 $34 $13 Ü 0 0 

C13 C13 c33 0 0 0 513 5133 533 O 0 0 

0 0 O ca Ü 0 0 0 0 s4 O0 0 

0 0 0 0 cas 0 0 0 0 0 Sa 0 

0 0 0 0 0 5(c11—c12) 0 0 0 0 0 2s1—s12) 

Piezoelectric properties 

0 0 0 d4 dis O 0 0 0 e4 ei5 O 

0 0 0 dis —d 14 0 0 0 0 €15 —€]4 0 

da dai d3 0 0 0 e31 €31 033 0 0 O 


Dielectric properties Thermal expansion coefficient — Pyroelectric properties 


en 0 O ai, 0 0 
0 €11 0 0 011 0 (0 0 p3) 
0 0 233 0 0 a 
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Hexagonal 6 


Elastic properties 


C11 C12 c13 Ü 
C1» cij els U 
cis. Cia £35. 9 
0 0 0 ca 
0 0 0 O0 
0 0 0 O0 
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Piezoelectric properties 


dii 


—d» d» 000 -2d; 
0 000 0 


0 


Dielectric properties 


eT 0 0 
0 €11 0 
0 0 235 


Hexagonal 6/m 


Elastic properties 


Cn c12 Cj Ü O 
cv. Ci a O O 
613 as as Ü O0 
0 0 0 ca Ü 
0 0 0 0 cas 
0 0 0 0 O0 


Dielectric properties 


g, 0 0 
0 €11 0 
0 0 235 


—d11 000 —2d2 


0 $11 $12 $13 0 0 0 
0 sosisi3 0 0 0 
0 S13 5353 O 0 0 
0 0 0 0 s4 O0 0 
0 0 0 0 0 sas 0 
5(c11 — c12) 0 0 0 0 Ü 2511 — 512) 
€]11 —“€]] 000 29 
—e), eo 000-—e11 
0 0 000 0 
Thermal expansion coefficient 
aj; 0 0 
0 011 0 
0 0 ao33 
0 $11 $12 $13 0 0 0 
0 sosisi3 0 0 0 
0 $13 $13 $33 0 0 0 
0 0 0 0 s4 O0 0 
0 0 0 0 0 s4 0 
5(c11 — C12) 0 0 0 0 OD 2511 — 512) 


Thermal expansion coefficient 


aj; 0 0 
0 011 0 
0 0 ao33 
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Hexagonal 622 


Elastic properties 


n ép cs Ü O 0 s11 $12 $513 O O 0 
Cp Ci G Ü O 0 $12 $11 53 O 0 0 
013-019 E O -U 0 $13 $13 533 O 0 0 
0 0 0 ca O0 0 0 0 0 s4 O0 0 
0 0 0 0 cas 0 0.0 0 0 sá 0 
0 0 0 0 0 (c — cl) 0 0 0 0 0 2su — 512) 
Piezoelectric properties 
000d4 0 0 0004 0 O0 
000 0 —d14 0 000 0 —e14 0 
0000 0 0 0000 0 0 
Dielectric properties Thermal expansion coefficient 
ej; 0 0 aj; 0 0 
O e11 O 0 ay 0 
0 0 233 0 0 QU 
Hexagonal 6mm 
Elastic properties 
C11 C12 C13 0 0 0 $11 $12 $513 0 0 0 
cs en as Ü O 0 $12 S11 $13 0 0 0 
643 sas 0 O 0 513.513.534 Ü O 0 
0 0 O ca 0 0 0 0 0 sa O 0 
0 0 0 0 cas 0 0.0 0 O0 s4 0 
0 0 0 0 O (ct = co) 0 0 0 0 0 2u- si) 
Piezoelectric properties 
0 0 0 0 di50 0 0 0 0e50 
0 0 0 ds 00 0 0 0e5 00 
d3 dà d3 0 0 0 es €31 €&33 U 0 O 


Dielectric properties Thermal expansion coefficient — Pyroelectric properties 


en 0 0 a1, O 0 
0 £1 0 0 011 0 (0 0 pz) 
0 0 £3 0 0 a33 
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Hexagonal 6m2 


Elastic properties 


Cit £012 es O 0 0 $11 S12 $13 0 0 0 
c12 cH as Ü 0 0 $12 $131 513 0 0 0 
Cis tm cs Ü Y 0 $13 513 533 O 0 0 
0 0 0 ca 0 0 0 0 0 s4 O0 0 
0 0 00c4 0 0 0 0 054 00 
0.0 0 0 O (ct —c12) 0 0 0 0 0 211812) 
Piezoelectric properties (m _Lx1) 
0 0 000-2d 0 0 000 —e2 
—d» d» 000 0 —e en 000 O 
0 0000 0 0 0000 0 
Piezoelectric properties (2 ||x1) 
dij —d11 000 0 eri —e 000 0 
0 0 000-—2d11 0 0 000-—e:1 
0 0 000 0 0 0 000 0 


Dielectric properties” Thermal expansion coefficient 


e11 0 0 ai 0 0 
O =u O 0 ay 0 
0 0 23 0 0 03 


Hexagonal 6/mmm 


Elastic properties 


cu en as O 0 0 Sp $512 53 O 0 0 
CD em ca Ü O 0 $12 $11 $13 O 0 0 
c13 c13 es Ü 0 0 $13 51353 O 0 0 
0 0 0 c4 O0 0 0 0 0 s4 Ü 0 
0 0 0 0 cas 0 0 0 0 0 s4 0 
0 0 0 0 0 x(c11—c12) 0 0 0 0 0 2(s — 512) 


Dielectric properties Thermal expansion coefficient 


ej 0 g ai; 0 0 
O e11 O 0 ay 0 
0 0 233 0 0 ao33 
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Cubic 23 


Elastic properties 


cy 0202 O 0 O su sp oss UO. O 0 
ciz ar c O O0 O0 msn O O O 
ci2 crac 0 0 O0 $12 $12 S11 0 0 O 
0 0 0 c4 0 O 0 0 0 s4 O O 
0 0 0 0 c4 Ü 0 0 0 O sa 0 
0 0 0 0 0 cas 0 0 0 0 OÓ s44 
Piezoelectric properties 
000di, O 0 000e4 0 0 
000 0 di Ü 000 0 e4 Ü 
000 0 0 dia 000 0 0 ex, 
Dielectric properties” Thermal expansion coefficient 
en 0 0 aj; O 0 
O e11 O 0 ay 0 
0 0 €11 0 0 011 
Cubic m3 
Elastic properties 
cu c2 c2 O 0 O sa 812. S12 0 0-0 
cr cw to O O0 p $12 S11 $12 0 0 0 
as das ci O O0 O So. 515 su O 00 O 
0 0 0 ca 0 0 0 0 O s4 0 O 
0 0 O 0 ca Ü 0 0 0 O sa 0 
0 0 0 0 0 cas 0 0 0 0 OÓ s44 


Dielectric properties Thermal expansion coefficient 


gA 0 0 ai 0 0 
O c€] O 0 ay 0 
0 0 e11 0 0 aj 
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Cubic 432 


Elastic properties 


en cn. O O 0 $11 512 Sig 0 0 0 
£415 arcas YU 9 0 $12 S11 $12 0 0 O 
ca caca O. O Ü $12 $12 S1 0 0 O 
0 0 0 ca 0 Ü 0 0 0 s4 0 O 
0 0 O0 0 ca Ü 0 0 O0 O sa Ü 
0 0 0 0 0 Cas 0 0 0 0 Q s44 
Dielectric properties Thermal expansion coefficient 
en 0 0 a1, O 0 
O =u O 0 ay 0 
0 0 e11 0 0 ay 
Cubic 43m 
Elastic properties 
eri GS O ws 0 0 O 
es cH c2 0 0 O ss: O 0 Q 
cp en em O. 0 0 s: so si: U 0.0 
0 0 0 ca 0 0 0 0 O s4 0 O 
0 0 O 0 c4 0 0 0 0 O sa 0 
0 0 0 0 0 cas 0 0 O 0 OÓ s44 
Piezoelectric properties 
000d4 O 0 000e14 0 0 
000 0 du O 000 0 ey O 
000 0 0 dia 000 0 0 ei 


Dielectric properties” Thermal expansion coefficient 


en. 0 0 aj; 0 0 
O e11 O 0 ay 0 
0 O £i] 0 0 011 
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Cubic m3m 


Elastic properties 


On Cl c 0 DO 9 “1130. O 0 O 
Cio cH co U 0 O sp su p O 0 O 
ci2 062 cH O 0 O $5 $12 S1 U 0 O 
0 0 0 c4 0 O 0 0 0 s4 0 O 
0 0 O 0 c4 Ü 0 0 0 O sa Ü 
0 0 0 O0 0 Ca 0 0 0 0 Q s44 


Dielectric properties” Thermal expansion coefficient 


£11 0 0 011] 0 0 

O =u O 0 ay 0 

0 O £i] 0 0 011 
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Body-centered cell, 19-20 
Body forces, 39, 42, 49 
Brazilian twin, 127 


C 
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Cauchy deformation tensor, 36 
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Cymbal transducer, 176 
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Dauphine twin, 127-129 
Deformation tensor, 36 
Dielectrical impermeability, 65 
Dielectrical permeability, 65 


Dielectric susceptibility tensor, 55 

Dihydrogen phosphate, 80, 151 

Displacement gradient, 34, 36, 38, 109 

Displacement-type phase transition, 95 

Displacement vector, 34, 55 

Domain structure, 80-81, 143, 148-149, 
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E 

Elastic coefficients, 44, 97, 112-113, 135 

Elastic Enthalpy, 58 

Elastic Gibbs function, 58 

Electrets, 152, 162 

Electrically clamped, 62, 71 

Electrically free, 62, 65, 70-71 

Electric Enthalpy, 58, 107 

Electric field strength vector, 55 

Electric flux density vector, 55, 62, 64, 102 

Electric Gibbs function, 58, 107 

Electric polarization vector, 55, 72 

Electrocaloric effect, 75 

Electroelastic constant, 108 

Electroelastic effect, 111—113 

Electro-optic effect, 134 

Electrostriction, 108, 110-112, 134-135 

Electrostriction tensor, 108 

Elementary cell, 15-16, 18-19, 21 

Energy density, 51-52, 56-58, 98 

Enthalpy, 58, 107 

Entropy, 25, 51-53, 61-62, 64, 69, 
105, 109 

Euler coordinates, 33 

Euler strain tensor, 36 

Expansion coefficient, 60, 62, 83-84, 
102, 105, 124, 126, 136, 142, 164, 
187—204 

Expansion modulus, 60 

Extensive variable, 51, 53, 64 
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F 

Face-centered cell, 19 

Ferroelectricity, 79-99, 140, 144, 147, 150, 
153, 161 

Ferroelectrics, 7, 79-82, 95-97, 156, 162 

Ferroelectric thin film, 161—162 

Ferroics, 12, 97—99, 128 

First-kind phase transition, 87—89 

First Piola-Kirchhoff tensor, 103-104, 113 

Free energy, 7, 52, 58, 65, 68, 80 

Functional determinant, 33 


G 

Gallium orthophosphate, 136-138 
Geometrical linearization, 38, 51 
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